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One of us has shown elsewhere! that in diatomic molecules, the mean 
square of the electronic angular momentum is never zero even in 'S states, 
though in such states the square of the mean vanishes. The situation 
is thus different from that in atoms. It is well known that in an atom 
the square of the angular momentum is j(j + 1)h?/4?, and so vanishes in 
1S states, where the inner quantum number j is zero. The existence of 
this mean square electronic angular momentum in diatomic molecules 
was shown to be due to the departures of the nuclear field from central 
character, as the two nuclei act as two distinct attracting centers and so 
exert a torque upon the electrons. This torque causes a continual transfer 
of angular momentum between the electrons and nuclei, and it is only the 
combined angular momentum of the electrons and nuclei which is con- 
served. Thus the electronic angular momentum contains rapidly fluctuat- 
ing terms and in 'S states its average vanishes but its square does not. 
One should expect, however, this square to be small if the mean radius of 
the electron orbits is large compared to the internuclear distance. It is 
perhaps of some interest to calculate this mean square electronic angular 
momentum numerically for a special case, as this should furnish a rough | 
estimate of its order of magnitude for diatomic molecules in general. 

Such a numerical calculation can be made for the normal state of the 
hydrogen molecule, though with only moderate precision (perhaps 5 or 
10 per cent), as Wang,” using the Ritz method, has shown that its wave 
function is approximately 


yp=A (e~ 2 Fe) 4 e~ esta) (1) 


Here #;, gi denote the distances of one electron from the two nuclei, and pz, 
ge those of the other electron. The value of the constant 0 is 1.166/a, where 
a is the radius h?/4x*e?m of a classical one-quantum Bohr orbit. In 
Wang’s theory the internuclear distance, which we shall denote by D, is? 
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1.406a. The value of the constant of proportionality A in (1) is to be 
determined from the normalizing condition that 


° 2 ceeee S \v\?drdvz = 1, (2) 


In accordance with the Schroedinger-Eckart rule, the diagonal elements 
or average values of the matrix representing the square of the orbital 
electronic angular momentum are given by the formula 


P* = PHn;n) = S.. S¥* (Pe, + P.)? + 
(P,, + P,,)? + (P, + P,,)*Wdnd», (3) 


where for the normal state the wave function y has the value (1) and 


where P,, denotes the operator , with analogous 


h re) 
oni V1 an a oy: 
definitions for the other P’s. As the wave function (1) is real the dis- 
tinction between y and its conjugate y* is immaterial. The origin of the 
Cartesian coérdinates x1, ...., 2. of the two electrons is to be taken at the 
mid-point of the line segment joining the two nuclei, so that the angular 
momentum is measured relative to the center of gravity of the molecule. 
(Strictly speaking, due to motion of the electronic masses, the center of 
gravity and this mid-point do not coincide, but execute small oscillations 
relative to each other. Such oscillations, however, are negligible owing to 
the smallness of the ratio of electronic to protonic mass.) Eq. (3) takes 
no cognizance of the spin, but this is justifiable in the present calculation, 
as the forces acting on the spin axis are so small that the square of the spin 
angular momentum is very approximately a diagonal matrix of elements 
s(s + 1)h?/4x?. The contribution of the spin thus disappears, as the nor- 
mal state of the hydrogen molecule is a singlet state s = 0. On the other 
hand, because of the large torques previously described, it would not be a 
legitimate approximation to equate the square of the orbital angular 
momentum to /(/ + 1)h?/42,? and our whole purpose is to find the amount 
of error in such a formula. 

We must now change the variables of integration, as did Wang, from 
X1, ..., 22 tO Pi, Gr, Po, Jo, Yi, G2, Where fi, gi, Pe, g2 have been defined above, 
and gi, g: are azimuth angles connected with rotations of the electrons 
about the axis of figure. It is convenient as an intermediate step to 
express (3) in terms of polar coérdinates whose axis coincides with that of 
the molecule. Then (3) becomes 


— h oy dy oy 
Pp? = —- —f.. ee cee he B mn 
=f Fs y {oe ar tee et 


cotan 4; “ + cotan 6 a du,dv, (4) 
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Here we have omitted terms which vanish in virtue of the fact that in the 
normal state 0y/O0g, = Oy/Og; = 0. The physical meaning of this 
fact is that all the electronic angular momentum is perpendicular to the 
figure axis. The integrations over ¢, y2 are easily performed, and destroy 
the term 07y/00,0%. The physical significance of the disappearance of 
this ‘‘cross’’ term is that in the normal state the average scalar product of 
the angular momentum vectors of the two electrons is zero, thanks to the 
independence of y of gi, ¢2. It is also convenient to make partial integra- 
tions with respect to 4;, 6: which have the effect of introducing the squares 
of first derivatives in place of expressions involving second derivatives. 
When these various integrations are made (4) becomes 


P2 =f Sf SS [(Ov/O61)? + (Oy/2O2)2]ri2r22 sin 6; sin 6 dridred0,d0». (5) 


As the wave function (1) is symmetrical in the two electrons, we may clearly 
omit half the integrand of (5) and instead multipy by 2. When we do this 
and introduce* Wang’s coérdinates, we find 


PR= = SSSS (D*Qpt + 2g — D?) — (or - 4°) 
(2 oy oe a) Qdeprpdqdged pid pr 6) 
g Og: pr OP: D? 


The integrals can be evaluated in closed form in a tedious but elementary 
fashion when we substitute (1) and always choose the order of integration 
in the easiest way. The result is 
P? = (h®A2/18b*)[3D2b? — e~?°2b2p2(b2D2 + 3bD + 3)(bD + 1)]. (7) 
The normalizing integral (2) for determining A is likewise easily calculated 
with the aid of Wang’s codrdinates and yields 

1/A? = (2m*/9b°) [9 + e~ 7? (62D? + 3bD + 3)?] (8) 
Combination of (7) and (8) and use of the relations b = 1.166/a, D = 1.406a 
gives the final numerical result 





P? = 0.394 (h?/4n’). (9) 
The mean square of the total angular momentum of the two electrons is 
thus somewhat less than half the square of a Bohr unit. 
Diamagnetism.—The preceding calculation has an application to diamag- 
netism. Van Vleck® has shown elsewhere that the diamagnetic suscepti- 
bility per gram mol of a gas composed of molecules such as hydrogen is 


2 —— me ei 2 P , 4\\2 
i haga 3. (r;? + 19") + : on’ (n'n) P (nin')* (10) 
6mc? ' 





6m?*c? hv(n'; n) 
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where é, m, c, h, v have their usual significance, L is the Avogadro number, 
and 7, 72 are the radii from the center of gravity to the two electrons. 
The expression P(n; n’) is defined in the following way in terms of the 
matrix elements of the Cartesian components of angular momentum of the 
individual electrons: 


|P(n; n’)|? = |(Px, + Pe)(n; n’)|? + |(Py, + Py) (n; 2’)|? 
+ |(P,, + Ps)(n;n’)|*. (11) 


The formula (10) ‘differs from the ordinary Pauli formula‘ for the diamag- 
netism of atoms in the addition of what we shall call the second part; i.e., 
the member involving the summation over the various excited states n’. 
This part arises from the fluctuations in electronic angular momentum 
which are caused by the torque from the two attracting centers. In his 
calculation of the diamagnetism of molecular hydrogen with the wave 
function (1), Wang’ failed to include this second part, largely because 
Van Vleck erroneously stated in still another, earlier paper* that the simple 
Pauli formula applied to molecules as well as atoms. An accurate deter- 
mination of this second part, which would enter as a correction to the Pauli 
formula or to the diamagnetism calculated by Wang, would be exceedingly 
laborious, as we would have to know the wave functions for all the excited 
states n’ rather than just the normal state m in order to determine the 
matrix elements P(n; n'). We shall show, however, that an upper limit 
to this correction is readily obtainable from just the wave function of the 
state n. Since m is the lowest state, all the frequencies v(m’; n) and hence 
all the terms in the sum constituting the second part of (10) are positive. 
Hence this part is less than 


Le? 1 


6m°c? hy(m; n) 





Low |P (n; n’)/?, (12) 


where hy(n,; n) is the smallest denominator in the sum, or in other words 
the excess in energy of the first excited state over the normal state. The 
troublesome frequency factor has now been taken outside the summation 
sign, and as the average angular momentum P(n; m) of the normal hydro- 
gen molecule is zero, it is no longer necessary to add the restriction n’ ¥ n. 
The common rules for matrix multiplication show that (12) is merely 


2 paren 
ist ain (13) 
6m*c? hy(m; n) 





The lowest critical potential or absorption line of molecular hydrogen is 
known experimentally® to be about 11.5 volts, and corresponds to excita- 
tion of the 2‘S state. There is, to be sure, the unstable 1°S state which 
falls below the 2'S, but it combines so little'’® with the normal 1'S state 
that it should not contribute appreciably to the sum in (12). Hence 
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we may take v(m’; nm) = 11.5R/13.5, where R is the Rydberg constant 
2x?me*/h*, whose voltage equivalent is 13.5. Then by (9) and the relation 
a = h*/4x°e*m the upper limit (13) becomes 


0.93a2(Le?/6mc?). (14) 


Wang’ showed that with his wave function the first part of (10) is —5.90a? 
(Le?/6mc?). ‘The -effect of the second part is therefore to reduce his cal- 
culated value of the diamagnetic susceptibility by not more than 16 per 
cent. The fact that the diamagnetism is reduced is because the second 
part is essentially a positive or paramagnetic term, connected with angular 
momentum rather than the mean square radius of the orbit. 

As the effect of the second part of (10) has been shown clearly secondary, 
it will involve no serious error to now calculate its value by an approximate 
method which probably comes closer te its true value than the previous 
upper limit. This can be done by replacing the variable denominator 
v(m’; n) by a sort of mean frequency v’ which can be taken outside the 
summation sign. The contribution of the second part of (10) to the 
susceptibility is then given by an expression similar to (13) except that the 
minimum frequency v(m; ) is replaced by v’. The value of »’ may be 
determined as follows by a method similar to that used by Unsold" in 
studying refractive indices. From the quantum conditions p,q, — 
GPx = 5fh/2ni it follows that 5,-»(n’; n)|M (n; n’)|? = 3e*h/4x*m, where 
the M(n; n’) are the matrix elements of the resultant electrical moment of 
the molecule, defined in terms of the Cartesian components in a fashion 
analogous to (11). The dielectric constant ¢ is given by ” 


e—1 2N |M(n; n’)|? e—1 e 
——_— = ____—__—., whence = 
An 3h y(n’; n) 4n 24?*mv"? 





where v” is another sort of mean frequency and N is the number of mole- 
cules per cc. One should not expect »’ end v” to be exactly the same, as 
they are means weighted with respect to different kinds of terms, viz., an- 
gular momentum and electric moment, and furthermore v” is obtained 
from terms involving vy in the inverse second rather than inverse first 
power. For the latter reason v” is probably less than »,’ and, if so, we 
are even now overestimating the correction to the Pauli formula. From 
the experimental dielectric constant 1.000273 one finds v” = 1.23R, and 
when this is substituted in place of v(m; m) in (13) the numerical factor in 
(14) is changed from 0.93 to 0.64, making the correction to the Pauli 
formula only a little over 10 per cent. The inclusion of the second part 
of (10) then makes the calculated molar diamagnetic susceptibility of 
hydrogen —4.20 X 10-*, as compared to —4.71 X 10~* obtained by Wang 
with only the first part. The experimental values'* are —3.94 X 10-* 
(Wills and Hector), —3.99 X 10-* (Soné), —5.1 X 10-* (Lehrer). If 
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one accepts either Wills and Hector’s or Soné’s result, the correction for the 
non-vanishing of the mean square angular momentum thus improves the 
agreement of Wang’s theory with experiment. 

Our thanks are due to Dr. S. C. Wang for checking the evaluation of the 
integrals (6). , 
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In a previous paper! the photo-electric and thermionic emission from 
very carefully outgassed iron was shown to undergo a sudden change at 
the A; point where the body-centered cubic lattice is transformed into 
the face-centered cubic. Since these changes were the first of their exact 
nature to be reported, it seemed wise to extend the study to cobalt and 
nickel before carrying out a more detailed study with iron. The present 
paper is a report of the results thus far obtained from thoroughly outgassed 
cobalt. . 

The experimental tube was similar to that used by DuBridge? and the 
author.! The specimen to be tested consisted of a strip of cobalt, 0.03 mm. 
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thick, 3 mm. wide and 10 cm. long, hung in the form of a loop inside a 
molybdenum receiving cylinder. The strip could be heated by a current 
conducted through the tungsten leads from which the sample was sus- 
pended. Extra leads for measuring the potential drop were spot-welded 
to the ends of the strip. ‘The whole was enclosed in a pyrex tube which 
was connected through a liquid-air trap and a mercury cut-off to the 
pumps. Radiation from a quartz mercury arc could be focused through 
a quartz window onto the cobalt. A Compton* quadrant electrometer 
having a high resistance shunted across its quadrants served as a means 
of measuring the photo-electric and thermionic currents. Pressures were 
measured by a very sensitive ionization gauge of the type devised by 
Dushman and Found.‘ 

A chemical analysis of the Kahlbaum cobalt used in this work indicated 
that it was more than 99.9% pure. Neither iron nor nickel could have 
been present to the extent of much more than 0.01%. 

Outgassing Treatment.—For initial outgassing the entire tube and ioniza- 
tion gauge were encased in an electric furnace and baked at a temperature 
of 525°C. for 60 hours. The specimen was then heated by a current at 
temperatures which were very slowly increased from 650°C. to 1000°C. 
If the temperature is raised too rapidly, excess vaporization will take 
place, so that the filament will not last through the long-continued heating 
necessary for complete outgassing. Specimens whose temperatures were 
increased to 1000°C. during the early stages of the outgassing process 
lasted only about fifty hours whereas specimens, which were outgassed by 
slowly increasing the temperature through an interval of 200 hours, could 
be treated at 1000°C. for more than 150 additional hours without exces- 
sive evaporation. Apparently the rapid vaporization is due to the oc- 
cluded gas being driven out too rapidly. These results are in agreement 
with the work of Berliner® who found that gas-filled platinum evaporates 
more rapidly than platinum which is outgassed. 

After the baking period frequent observations of the photo-electric 
sensitivity were taken as the outgassing progressed. ‘These observations 
were made as quickly as possible after the heating current had been cut 
off and showed wide variations in the sensitivity during the early stages 
of outgassing. Finally, after about 340 hours of heat treatment, a con- 
dition was reached at which further heat treatment produced no change 
in the sensitivity. 

At intervals the specimen was allowed to stand without heating while 
observations were taken of the change of sensitivity with the accumulation 
of a surface layer of gas. As outgassing progressed the changes of sensi- 
tivity with time of standing became less rapid. After about 400 hours 
of heat treatment no change could be observed during the first two hours 
of standing. 
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Pressures —The pressure was 5 X 10-7 mm. of Hg at the end of the 
60-hour baking period. During the first few minutes of filament heating 
which followed, the pressure increased to about 1 X 10-° mm. of Hg but 
was rapidly reduced as the first surface layers of the gas were removed. 
Gradually the pressures became lower; finally reaching values from 1 to 
3 X 10-* mm. of Hg. These final pressures were independent of the 
temperature of the filament. 

Results.—The data for figures 1 and 2 were taken after the sample had 
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been thoroughly outgassed by approximately 400 hours of heat treatment. 
Figure 1 shows the variation of the photo-electric current with the heating 
current through the filament when observations were made. ‘The tem- 
perature indicated at a heating current of 5.2 amperes was measured by 
an optical pyrometer. 

It should be noted that in figure 1 two different values for the photo- 
electric sensitivity at room temperature are shown. Surfaces having 
either of these sensitivities could be produced at will. Cooling suddenly 
from a temperature above a critical value of about 850°C. always pro- 
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duced a surface which was much more sensitive photo-electrically than 
that produced by a very slow cooling from the same temperature. 

An x-ray analysis of a cobalt sample which had the lower sensitivity at 
room temperature showed only a hexagonal close-packed lattice. The 
crystal lattice of a sample having the higher photo-electric sensitivity at 
room temperature was found to be of the face-centered cubic form. 

Curve 1 of figure 1 therefore shows the change in photo-electric emission 
with increasing temperatures for a sample which, through super-cooling, 
existed at room temperature in the face-centered cubic form. Curve 3 
of the same figure shows the change in sensitivity with temperature for a 
sample which existed at room temperature in the hexagonal close-packed 
form. (Since curves 1 and 3 showed identical variations beyond a heating 
current of 3.8 amperes, only the points for curve 3 have been plotted.) 
The steepness of curves 1 and 3 near a temperature of 850°C. depends on 
the rapidity with which the temperature is increased. In obtaining the 
data for curve 3 an interval of 30 minutes was used in increasing the 
heating current from 5 to 6 amperes. Curves having smaller slopes were 
obtained as the time taken to change the current through this interval 
became smaller; however, the total change in sensitivity was identical in 
every case with that shown in curve 3. 

Curve 2 of figure 1, which shows the variation of the photo-electric 
emission with decreasing temperatures, is more complex than the corre- 
sponding curve for increasing temperatures. As the heating current was 
decreased from 6 amperes, the photo-electric sensitivity decreased until 
the point ‘‘a’”’ was reached. With a slight decrease in the heating current 
below this point the emission increased in a few seconds to a value indi- 
cated by “‘b.” With no further change in the heating current the sensi- 
tivity increased during the next 6 minutes to a value ‘‘c.”” No observable 
change in sensitivity, from this value ‘‘c,”’ was produced by allowing the 
filament to stand, with the same heating current, for 5 additional minutes. 
If the heating current is now further diminished by 0.1 ampere the sensi- 
tivity changes to the values ‘‘d,” ‘‘e’”’ and ‘‘f” in 11/2, 15 and 65 minutes, 
respectively. At all points on curve 2 other than those between ‘‘a’’ 
and “‘f,” stability in the photo-electric emission was reached within an 
interval of a few seconds after the current was changed. 

Thermionic Current.—In order to observe the thermionic emission ac- 
curately the current sensitivity of the electrometer was increased thirty- 
fold. For comparison purposes the ordinates in figure 2 have been plotted 
on a reduced scale so that a one-centimeter deflection in both figures 1 and 
2 corresponds to the same currents. The maximum thermionic current 
is in reality only about '/:; of the maximum photo-electric current. Curves 
1 and 2 give the values of the thermionic current for increasing and de- 
creasing temperatures, respectively. The peak, indicated by the point 
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“d,” occurs at a heating current identical with that at which the analo- 
gous photo-electric maximum was observed. It should be pointed out 
that the times involved in the changes through the points ‘‘a,” “‘c,” “d’’ 
and ‘‘f’’ were almost identical with those required for the transition 
through the corresponding points on the photo-electric curve. 
Discussion.—The marked changes in the photo-electric and thermionic 
emission, which occur at a temperature of approximately 850°C., are 
interesting characteristics, closely 
associated with the discontinuous 
? changes of the electrical conduc- 
tivity, thermal expansion, heat 
O Curve 2 19-4 evolution and magnetic properties 
observed at a transition point by 
Masumato.’ At this change from 
the hexagonal close-packed to 
the face-centered cubic lattice 
Schulze,’ as well as Masumato, 
found ‘‘resistance-hysteresis’’ ef- 
fects for cobalt similar to those 
found by Burgess and Keelberg*® 
at the 6 to y transformation for 
iron. Resistance-tempetature 
curves were determined for the 
cobalt used in the present work 
and showed that this “hysteresis” 
occurred at the same temperature 
at which the photo-electric and 
thermionic curves showed the 
marked changes in emission. 
The results of Masumato and 
Schulze show that the temper- 
ature at which this transforma- 
tion occurs increases with the 
purity of the sample. None of 
the samples for which they pub- 
lished analyses was as pure as the cobalt used in the present work, hence 
one would expect this specimen would have its transformation point at a 
higher temperature than any reported by them. For their purest sample 
the change in phase occurred at a temperature of approximately 500°C. 
It is quite possible that the gas contained in the cobalt used by these 
workers was another feature tending to decrease the temperature at which 
the transformation occurred. 
Goetz’ has reported analogous changes in the photo-electric emission 
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from tin at its transition points and the writer has observed a marked 
decrease in both the photo-electric and thermionic emission from iron at 
the A; phase change. However, no metal yet studied has shown, at the 
transformation point, such widely varying intermediate sensitivities for 
increasing and decreasing temperatures as are here reported for cobalt. 
The present work shows that during the process of transition from one 
crystal lattice to another there exists an intermediate structure which is 
markedly more sensitive, both photo-electrically and thermionically, than 
either the initial or the final stable crystal form. A condition corre- 
sponding to the high sensitivity observed for decreasing temperatures 
(point ‘‘d’”) apparently does not develop to anything like the same extent 
while the temperature is rising, though the break in the thermionic curve 
at the point “‘n” evidently corresponds to the maximum ‘‘d” which is so 
prominent with falling temperatures. 

From the time characteristics of both the photo-electric and thermionic 
curves, it seems probable that, if the heating current were set at a value 
slightly less than that corresponding to point ‘‘a,’’ the emission would, 
without a change of the heating current, pass through a maximum and 
finally decrease to a stable point near “‘f.””. Probably several hours would 
be required for such a change to take place automatically. As observed, 
the process was accelerated by slightly decreasing the currents at ‘‘a’ 
and ‘‘c,” 

At the transformation from the face-centered cubic to the hexagonal 
close-packed lattice Masumato has observed qualitatively an evolution 
of heat. However, pyrometric observations on the present sample during 
the transition period showed that there was no appreciable rise in the 
temperature of the filament, so that the maxima of the photo-electric and 
thermionic emission cannot be ascribed to the direct effect of a rise in 
the temperature produced by internal evolution of heat. 

The initial decrease in sensitivity with rising temperature, which is 
shown in curve 1 of figure 1, occurs as the less stable face-centered cubic 
lattice, resulting from a super-cooling from above the transition point, 
changes into the more stable hexagonal close-packed form. ‘This crystal 
change is exactly the same as that for which the unusually high sensitivity 
was observed (see curve 2, figure 1). Since the temperature intervals are 
quite large in curve 1, an analogous increase in sensitivity may have been 
passed over unobserved. This point will be looked into more carefully 
with another specimen. 

Curves 1, 2 and 3 of figure 1 also show—below a heating current of 5 
amperes—an increase in the photo-electric sensitivity with temperature 
for cobalt in both of its crystal forms. It is interesting to note that the 
photo-electric sensitivity of cobalt is at no time independent of the tem- 
perature, whereas platinum and iron were found by DuBridge® and the 
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writer,' respectively, to be independent of the temperature up to 400° 
or 500°C. ‘Taking into account the change in reflection Goetz found 
that the photo-electric emission from tin is independent of the tempera- 
ture as long as the phase of the sample does not change. Experiments are 
being started in this laboratory at the present time to determine whether 
variations of the photo-electric sensitivity of cobalt can be accounted for 
by a change in the reflective power of the surface with temperature. 

A comparison of the thermionic curves below and above the transition 
point shows that the net result of the phase change was an upward shift 
in the curve. Such a shift corresponds to a change in either the A or b 
of the Richardson equation. However, Richardson’ and DuBridge"! 
have published evidence which indicates that whenever the thermionic 
work-function, b, is changed by any method the constant, A, also changes 
if the Richardson equation is to hold. One is therefore led to the con- 
clusion that the thermionic work-function is less for cubic than for hex- 
agonal cobalt. 

From both theoretical and experimental results it has been reasonably 
well established that the photo-electric and thermionic work functions 
are identical. It therefore seems reasonable to conclude that the increased 
photo-electric sensitivity of cobalt above the transition point, as com- 
pared to the sensitivity below, must be a direct result of a change in the 
surface work function. This change, as suggested by Goetz® in analogy 
to the change of A with b in the Richardson equation, may be accompanied 
by a change in the photo-electric efficiency. 

It is believed that the careful outgassing of the cobalt, used in the present 
work, produced surfaces which were gas-free and hence that the photo- 
electric and thermionic properties herewith reported are characteristic 
of the metal itsélf. One might, however, explain the observed variations 
in the photo-electric and thermionic sensitivities by assuming that there 
was always present a surface gas layer whose condition of stability was 
a function of the crystal structure and of the temperature. The work 
of Davisson and Germer™ on the reflection of electrons from a nickel 
crystal is contrary to such a point of view. Their results show that, after 
careful outgassing, several hours are required for the formation of a gas 
layer which obscures the reflection maximum characteristic of the crystal 
lattice of the metal. On such a hypothesis it would also be difficult to 
explain why, in the case of outgassed platinum? and iron,' an increase in 
the surrounding pressure by more than 100-fold did not alter the hypotheti- 
cal gas layer. It is hoped that more data bearing directly on the condition 
of the surface may be obtained. 

In conclusion, the writer wishes to express his thanks to Dr. J. D. 
Hanawalt for making x-ray analyses of the samples, and to Professor 
C. E. Mendenhall, under whose direction the work has been done. 
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THE REFLECTING POWER OF SOME SUBSTANCES IN THE 
EXTREME ULTRA-VIOLET 


By PAu. R. GLEASON 
JEFFERSON PuysiIcaAL LABORATORY, HARVARD UNIVERSITY 


Communicated June 15, 1929 


The purpose of this investigation was to quantitatively determine the 
reflecting power of some substances for light of the extreme ultra-violet 
region between 585 A and 1850 A. The importance of such measurements 
is evident from the fact that no data exist in this region on the reflecting 
power at discrete values of the wave-length. 

Gardner! obtained qualitative results for the wave-lengths between 
1700 A and 1025 A. He investigated mirrors of silicon, platinum, stellite, 
copper, nickel, gold, steel, silver, aluminum and speculum. He was 
able to obtain excellent comparisons of the reflecting powers of the sub- 
stances he used with the reflecting power of speculum. The method, 
however, could not be made to yield numerical results until the actual 
value of the reflecting power of speculum could be obtained. 

Pfund? obtained numerical values for the reflecting power, but did not 
use a grating to analyze the spectrum. His work dealt with speculum, 
silver, gold, platinum, quartz and glass. His values purport to represent 
the reflecting power for the spectrum band between 912 A and 1216 A. 

Pfund? has also attempted some work on the reflecting power as a func- 
tion of wave-length. He indicated that certain crystals show selective 
reflection in the extreme ultra-violet. 

Lewis and Hardy‘ without analyzing their light obtained some results 
in the region near 1850 A. Probably the larger part of the light effective 
in the measurements came from the 1849 A line of the mercury arc spec- 
trum. Their numerical results were good considering the uncertainties 
of the method. 
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Hulburt® dealt with the wave-lengths between 1850 A and 3800 A, so 
his results do not extend into the region of primary interest in this paper. 
He employed a concave speculum grating to obtain the spectrum of the 
hydrogen discharge. The intensities of the light were measured by a 
photoelectric cell. He was able to interpose a mirror and swing the photo- 
electric cell to a position to receive the reflected light. He covered twenty- 
eight metals at an angle of incidence of 18°. 

In the present work, the general optical arrangements of Hulburt’s 
apparatus were incorporated in a vacuum spectrograph. Light analyzed 
by and reflected from a concave speculum grating fell on a photographic 
plate either directly or after reflection from the mirror under investigation. 
With an angle of incidence of 45°, this operation required a movement 
of the photographic plate through 90° to keep the focus adjustment the 
same for direct and reflected spectra. 

The motion of the plateholder was accomplished without disturbing the 
vacuum by means of a vacuum-tight taper. Similar tapers permitted 
adjustment of the apparatus for focus; provided for bringing any one of 
three mirrors into position to reflect the beam to the plate; and moved 
the plateholder to receive as many as fifteen exposures on a single plate. 
Another vacuum-tight taper turned the grating by known amounts to 
bring different wave-lengths to the plate. 

A red label, Cramers lantern slide plate, sensitized with Nujol,® proved 
satisfactory for this work. 

For the preliminary work the reciprocity law was assumed for these 
plates. This requires that the same blackening be produced on the plate 
in each of a series of exposures so long as the product of the intensity by the 
exposure time is kept constant. 

In practice the exposure times of the direct and reflected spectra were 
adjusted so as to give the same opacity of the spectral line image in both 
cases. If the source remained constant in intensity throughout, the re- 
flecting power was given by the ratio of the two exposure times. The 
intensity of the source could be kept constant over a fairly long period of 
time by using a direct current discharge in a well out-gassed tube, whose 
voltage was kept constant the pressure being regulated to yield a constant 
value for the current through the tube. The latter adjustment was ac- 
complished with an all metal-capillary valve. 

Hydrogen, helium, oxygen and nitrogen were the gases used in the dis- 
charge tube. 

The photometry of the plates was done on a thermocouple instrument 
through the courtesy of Prof. Stetson at the Students’ Astronomical 
Observatory. 

Before the final results were computed, a direct test of the reciprocity 
law was made. This was done by rotating a sectored disk just behind the 
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slit, to reduce the intensity of the light by known amounts. This procedure 
may introduce errors due to the effective intermittency of the source when 
the sector was operating. With visible light, Baker’ has found this sort of 
sector valid to 1% as a means of reducing the illumination. Moreover, 
in the near ultra-violet, Bureau of Standards* workers have used the inter- 
mittent sector and report it accurate to better than 5%. Also in the ultra- 
violet, Baly, Morton and Riding® found that this type of sectored disk 
checked the results obtained by other valid methods to within 2%. There- 
fore, it was hoped that the intermittency errors which are still present in 
this work, might not exceed two per cent. 

The tests conducted in this research revealed reciprocity errors which 
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Reflecting Power tn per cent 
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FIGURE 1 


were too great to be neglected in many cases. Such deviations from reci- 
procity vary with the wave-length and with the opacity of the image on 
the plate. A correction was applied to all the data to eliminate as far as 
possible the reciprocity errors. 

The chief sources of error in this work are: (1) intermittency errors; 
(2) fluctuation in intensity of the source during the exposure of a single 
plate; (3) variation in the absorption of the residual gases in the vacuum 
spectrograph; (4) lack of uniformity of sensitivity of the photographic 
plate; (5) errors introduced by scattered light of wave-lengths different 
from that under measurement; and (6) errors of photometrical measure- 
ment of the plates. 
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Wherever it was possible to measure three or more plates covering the 
same wave-lengths, an accuracy to 5% should be expected. Data from a 
single plate might be in error as much as 10%. Except for the first source 
of error a still better accuracy might be expected. For instance, platinum 
at 585 A had a reflecting power of 18.5, 18.6 and 18.8%, respectively, on 
three different plates. These values would obviously justify the claim 
of higher accuracy except for the intermittency errors. ‘The other sources 
of error can be minimized by careful manipulation and average out to be 
within 2%. Source (5) gives trouble principally with mirrors having a 
poor optical surface. 

The numerical results on the reflecting power are in general agreement 
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with the qualitative work of Gardner. Trouble with tarnish on the specu- 
lum mirror I used makes it inferior to his at the longer wave-lengths. He 
apparently used a much better silicon mirror than the one employed by 
me, which was comparatively thin with correspondingly smaller reflecting 
power. The aluminum mirror I used was evidently superior to his. 
Pfund’s work agrees with my results very well except for gold and 
platinum. Hulburt’s values for the reflecting power at 1850 A are all 
higher than mine, except for chromium where the agreement is good. 
Lewis and Hardy’s results check well except for fluorite, quartz and glass. 
The results on twenty-one mirrors of fifteen different substances are 
shown in Figs. 1 and 2. The curves of reflecting power against wave- 
length are shown by broken lines between 585 A and 1000 A because no 
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data have been taken covering that spectral region. Hence, at 585 A the 
shape of the curve is not definitely known, although the value of the re- 
flecting power at that point has been determined to at least the same 
accuracy as at other wave-lengths. 

It is to be noted that platinum proves to be by far the best reflector at 
the shortest wave-length. Nickel, crystalline quartz and gold are the only 
other substances reflecting more than 10% at 585 A. Chromium and 
silicon are both superior at the longer wave-lengths but do not hold up to a 
high value at the shorter wave-lengths. 

Aluminum.—Aluminum was deposited by cathodic sputtering on optical 
glass to form a mirror. In an atmosphere of argon a film of 94% opacity 
formed in about eight hours. The reflecting power shown in figure 1 is 
comparatively low. 

Berylliium.—Beryllium was sputtered on optical glass only with great 
difficulty. After running several days in the presence of argon, a film of 
opacity 98.5% was obtained. Beryllium is unique (Fig. 1) in showing a 
deep minimum in reflecting power at about 1640 A. This probably 
means that the index of refraction of beryllium is passing through the 
value unity at that wave-length and also that its absorption is relatively 
low there. Assuming the 1% value for the reflecting power and an index 
of refraction of unity, the absorption coefficient turns out to be 0.27 at 
1640 A. 

Brass.—A piece of brass was polished to optical flatness for this test. 
The results (Fig. 1) show inferior reflection in this region. Many of the 
points on this particular curve are the result of single observations so may 
not be up to the accuracy of the other measurements. 

Chromium.—A chromium mirror was made by electroplating a polished 
steel surface with chromium. This had to be touched up to produce a 
bright mirror. At all wave-lengths longer than 1400 A (Fig. 1), chromium 
is superior to all the substances investigated. Even at 585 A it possesses a 
reflecting power greater than any substance in common use for gratings. 

Gold.—Gold was sputtered on optical glass to an opaque film in about 
four hours. Its reflecting power is relatively high at the shorter wave- 
lengths and varies exceedingly little. 

Nickel.—Nickel was easily sputtered on glass in five leila to a 97% 
opacity. The freshly sputtered surface is second to platinum as a good 
reflector (Fig. 2) at the shorter wave-lengths. A similar sputtered film was 
tested which had been sputtered twenty-two months before. Designated 
as ‘old”’ in figure 2, it is clear that it holds its reflecting power better at the 
shorter wave-lengths than at the longer. Probably the film had oxidized 
during its long exposure to the air. 

Platinum.—The mirrors of platinum were ceiiined on optical glass in 
about three hours to a 99.5% opacity. The fresh surface as tested over a 
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period of a month retains the high value of 18.6% reflection at 585 A 
(Fig. 2). ‘This is by far the best reflecting power observed for any sub- 
stance at this short wave-length. At this point, its reflecting power is 
more than twice that of any of the common grating materials. Even a 
sputtered film which had been exposed to the air for twenty-two months 
and injured by phosphorus pentoxide retains a reflecting power at 585 A 
as high as the best speculum surface studied! The results on this film are 
designated ‘‘old”’ in figure 2. 

Silicon.—It seems to be almost impossible to sputter silicon. Two 
films on glass were formed, one after sputtering in a residual atmosphere 
of argon for thirty hours and the other for over a hundred hours. They 
both reached only 45% opacity. Although a good reflector at the longer 
wave-lengths, the reflecting power of silicon is much lower at the 585 A 
wave-length (Fig. 1). Another film on glass which was both old and dirty 
is plotted as ‘‘old.”’ 

Silver.—Silver was chemically deposited on glass to form an opaque, 
brilliant surface. Silver tarnishes so quickly when exposed to ultra-violet 
light that it was impossible to get the complete curve for a fresh surface. 
The curves of figure 1 indicate my interpretation of the data obtained, with 
the dotted line to fill out the probable position of the curve for the fresh 
surface, where data were lacking. ‘The reflecting power curve for the tar- 
nished silver is designated ‘‘exposed”’ in figure 1 to emphasize the fact that 
the tarnishing is due almost entirely to exposure to the ultra-violet light. 

Speculum.—Polished speculum mirrors from Fecker were used in these 
measurements. Considerable attention was given to the reflection at 
585 A. Values all the way from 2.5% to 7.5% were obtained, depending 
upon the condition of the surface. ‘Two complete curves are given (Fig. 1): 
for a freshly polished surface and for the same surface three weeks after 
polishing. It is felt that the lower values at the longer wave-lengths may 
be due to the fuming of the soft wax used in mounting the specimen. A 
dotted curve is shown for the probable values for a clean freshly polished 
speculum mirror. A mirror sputtered on glass from speculum to a 99.8% 
opacity had a very bright surface and had the appearance of possessing 
the same composition as the speculum. Its reflection, however, was 6.0% 
at 585 A, which is less than for freshly polished speculum. 

Steel.—A block of carbon tool steel was polished and a hasty test made 
on its reflecting power. An error of 10% in this case would not be sur- 
prising. (Fig. 1.) 

Stellite—A piece of this alloy was polished and found to have a reflecting 
power slightly better than the average substance. (Fig. 1.) 

Fluorite—All the dielectrics tested show a maximum in the reflecting 
power somewhere in this region. Fluorite shows this maximum near 
1125 A which is at a wave-length just longer than the absorption band of the 
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dispersion formula at 1056 A, as predicted by theory. The vertical dotted 
line in figure 2 indicates the exact position of the absorption band re- 
quired for the dispersion formula. The index of refraction of fluorite 
has been determined for wave-lengths down to 1311 A. Thus it is possible 
to compute from the Fresnel formula the theoretical value of the reflecting 
power for those wave-lengths. The theoretical curve is drawn as a dotted 
line. The experimental curve would be expected to give lower values 
than the theoretical because the surface of the fluorite used was rather 
scratched and reflected a diffuse image. 

Glass.—A piece of optical glass (spectacle lens flat) was mounted for 
reflection measurements and yields the results shown in figure 2. 

Quartz.—Two specimens of quartz were used in this work: the one of 
crystalline quartz from Ph. Apfell Co.; the other, fused quartz polished 
by Jones & Hewett Optical Co. The crystalline quartz gives a reflecting 
power curve of the same shape as for fused quartz, but at a higher value 
throughout. This is exactly what is expected of a substance whose index 
of refraction is higher, at least where the substances are transparent. The 
Fresnel formula values at 1850 A are indicated in figure 2. For crystalline 
quartz the agreement is excellent: 7.5% theoretical as against 7.0% ex- 
perimental. In the case of fused quartz the theoretical value is 6.1% 
as compared with an experimental value of 5.0%. 

The absorption band required to make the dispersion formulas fit index 
of refraction data occurs for quartz at about 1130 A. The maximum in 
the reflecting power occurs for both types of quartz near 1220 A, which 
checks the theoretical prediction of a maximum reflection at a wave-length 
just longer than the absorption band. The position of the absorption 
band is indicated in figure 2 by the vertical dotted line. 

I wish to express my sense of obligation to Mr. David Mann, chief 
mechanician of the Jefferson Laboratory, for his careful and painstaking 
work in the preparation of the apparatus. 

I am glad to thank Prof. Lyman for suggesting the problem, and for 
maintaining a constant and helpful interest in all its details. 
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THE PROBLEM OF THE IONIZED HYDROGEN MOLECULE 
By C. Y. CHao 


NoRMAN BRIDGE LABORATORY OF Puysics, CALIFORNIA INSTITUTE OF TECHNOLOGY 


Communicated May 20, 1929 


The problem of the ionized hydrogen molecule was first treated by 
Pauli! who used the old quantum theory and obtained a result which was 
not in agreement with experiment. Niessen,? however, obtained the 
experimental value for the lowest energy level by introducing half-quantum 
numbers. The problem has now been treated by methods of wave- 
mechanics; thus Burrau*® obtained a result in very good agreement with 
experiment by a numerical integration and a general discussion has been 
given recently by A. H. Wilson.‘ It is well known that the polynomial 
method of wave-mechanics, invented by Brillouin and Wentzel and de- 
veloped by Sommerfeld,® gives, for a certain group of problems, the same 
result as the old quantum theory in approximation (0) and gives half- 
quantum numbers in approximation (1). It is shown in this paper that 
the present problem belongs to this group. 

Neglecting the motion of the two nuclei, the wave equation of Hj is 
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where E is equal to the total energy minus the energy due to the repulsion 
of the nuclei (Fig. 1). 
Introduce the new coérdinates: 
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we get the following equations: 
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where X, yu, p are three constants to be determined, which have the follow- 
ing meanings: 
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a cs a ce a fA (5) 
h? 4Ey TH 
Since equation (4) is the well-known spheroidal wave equation whose 
solutions have been worked out in very simple forms,* we shall use the 
result of Wilson for the lowest state, i.e.: 
16 
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and shall consider here only equation (3). (Besides, the present method 
does not give very good results for (4) due to the fact that (1 — »*) occurs 
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in the denominators of the successive approximations.) We shall also 
set m = 0; and introduce constants a, b, c, which are defined by 
4n? 4? 4n? 
wre oe SS (7) 
Now, the equation in ¢ for m = o reduces to the following, 
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Next, we introduce the quantum condition by setting 
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Substituting the above expression of y into @ we have 
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Taking only the terms independent of h, we get for the approximation (0), 


ee ac I= ais (12) 


which is precisely the . of the old quantum theory. 
Using the above expression for yo, and equating the first powers of h 
in (11), we get, for approximation (1), 
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To find a suitable contour of integration, we first notice that a and c 
are both positive; we have also from (6), that b > 0. This corresponds, 





b 
in the old quantum theory, to the case y € n < 1, which gives a pos- 
sible equilibrium state for m = 0 as mentioned in Pauli’s paper. Hence 


we have two roots for the equation af(t) = at* — 2cé — b = 0, which 
are &, > 0, & < 0; and we take a contour as shown in figure 2. 
Performing the integration of $y,dt we have 


$ydk = - f le - + set dg=—-i. (14) 


Therefore, in approximation (1), we have the following solution of the 
equation in &, 
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for the lowest state. 


By a similar treatment of the equation in 7, we can get 
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But we shall use (6) and (15) at present. In order to evaluate three 
constants, an extra condition is introduced by taking the minimum energy 
of the whole system. 
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The integral in (15) can be evaluated exactly by standard transforma- 
tions, but the following method is simpler. 


Let 
& = § cos’? + sin’é, 
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where 


then 
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Since a and @ are small, we can expand (1 — a sin? @)3(1 — 6 sin? 0)—4 
in series and integrate term by term, the series is found to converge pretty 
rapidly. Hence: 
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We shall determine the lowest state of Hz by (6) and (17). Fora 
given value of \, we can evaluate » from (6). The corresponding value 
of p can only be obtained by trying different values of (2p/X) in equation 
(17). In this way, we get the values of (2p/d)o for different \’s, which 
are listed in the table. Knowing \ and p, we can calculate the total 
energy E* immediately. 
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The above calculation, however, gives (E*/E,) too high, hence approxi- 


mation (2) is made as follows: 
Taking the terms involving h? in (11), and substituting for yo and , 
the expressions in (12) and (13), we have: 
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Since we know that 
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and that the different terms of ye in (19) are the derivatives of 
{( — & + a& + B) (@ — 7*)}~"? with respect to a, 6 or y, multiplied 
by constant coefficients, we set up the correspondence {; ~ %, Y ~ %2, 
fk. ~ %3, —y ~ %s. We then get the different terms in (19) by suitable 
differentiations of (20). Furthermore, in the result so obtained, we 
notice that k? = (& — 1)(& + 1)/2(& — &). Now this quantity is small, . 
hence we can expand K(k) and E(k) in series and neglect the high powers 
of (k?). In this way, we arrive at the following result: 
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where 

X = (& — &)3 > kt = 1 — 


In approximation (2), the quantum condition now becomes 
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TABLE 
» (2p/d)o A(Ji/h) A(2p/d) p 4d/p? 2/p E*/Ey 
1.200 1.986 0.1190 0.302 1.372 2.550 1.459 1.091 
1.900 1.721 0.0983 0.198 1.823 2.287 1.097 1.190 
2.200 1.646 0.0915 0.172 2.000 2.200 1.000 1.200 
2.500 1.583 0.0871 0.154 2.171 2.121 0.921 1.200 
4.000 1.374 0.0703 0.102 . 2.952 1.836 0.678 1.158 





2 
If we compare (22) with (17), the only difference is AJ; = = F yee. 
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This AJ, would introduce an increment A(2p/A) in 2p/A. If AJ; is 
not too large, we can assume that A(2p/) is proportional to AJ, for each 
set of values (A,u) and so interpolate the value of 2p/A. Using d, uw and 
po in (21), we calculate AJ, and then A(2p/A); the result is shown in 
the table. In the calculation of AJ; we only use po, this introduces a 
small error; however, we do not apply further correction. 

The above values are plotted, and a solid curve is drawn through them; 
for comparison, Burrau’s result is given in a dotted line (Fig. 3). Our 
minimum occurs at p = 2.08, E*/Ey = 1.201 (or 0.04 volts higher than 
his). ‘The present result therefore agrees with the experimental value 
within the limits of error;’? however, this is perhaps fortuitous. 
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FIGURE 3 


In connection with half-quantum numbers, we will also consider the 
adiabatic transition in the gradual separation of the two nuclei. From 
(22) and (21) we see that the quantum condition for £ can be written: 


yh $V; f = dE +“ A tA’ fet... = Oe € + m). (23) 


Similarly, we have for », 


1/3 2 -1 -3 
n/ SYP ant “eth "et... = on (5 +m) (24) 
mae: 


When p —> , 4h/p* must remain finite since it represents the elec- 
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tronic part of energy, so /\ —> o. In order to have the left side of 
(24) finite, we must have n/A —> 1. Hence, as p —> ~, p/A —> Oand 
u/s —> 1, and so fi, fo, . . ., g1 . . . are all bounded, it follows that we have 
only to consider the first term in (23) and (24). 

Since u/d = ki —> 1, from (24) we have 


2 Pp , 5 woop 
Vi GY" eda = 2 (E(k) — BK (H)} VX = 5 keV 
_ rr —pVrA_ tA 
2h 2V/h 


Since 2p/A —> 0, »/A —> 1, from (23) we have 
£N — fé) J * iG — OE — &) 
r eh =2v~VxXr d 
sie cis, <i gala @-De+D 
= \ | £1 ji 
dé = vif — (1 —&,) t 14 —— 
avi fyi Jr8 (1 —&) tan V; ae 


= Vd (i — lr = pene it = (1+ 2m). (26) 


Let \ — uw = Ab; from (25) and (26) we have 
=u Me 
Vx Vx 
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- vif 56 \ = + 2m), 


) = (1 + 2m). (25) 











= WSnd = 2(1 + 2m), 


coe i 1 x8 + (1 + 2m) = (1+ 2m) + (1+ 2m) = 2 (1 +m +m), 
Et. a 1 


_—=—= (27) 
Ey p (1 + m + m2)? 

Equation (27) gives the adiabatic transition of the energy levels when 
H? is dissociated into a nucleus and a H-atom. 

In conclusion, the following points are to be mentioned. The restricted 
old quantum theory does not even give the approximate result; two half- 
quantum numbers are eee in the approximation (1) by the poly- 
nomial method, i.e., ('/2, '/2, 0) for the lowest state; this gives a fairly 
good energy value but a nuclear distance which is too big. (Niessen used 
the quantum numbers (0, '/2, 1).) The present method gives results very 
close to those of Burrau for the lowest state; moreover, it can be applied 
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to higher states without further complication but the convergence is still 
doubtful. 

I am very much indebted to Professor A. Sommerfeld, Professor P. S. 
Epstein and Professor H. Bateman for the encouragement and suggestions 
they have given me in the study of this problem. I wish also to express 
my gratitude to the China Foundation which provides me with a research 
fellowship. 

1 Pauli, Ann. Physik, 68, 177, 1922. 

2 Niessen, Zeit. Physik, 43, 694, 1927. 

3’ Burrau, K. Danske Vid. Selskab, V. 7, N. 14, 1927. 

4A. H. Wilson, Proc. Roy. Soc., London, A., 118, 617, 635, 1928. 

5 Brillouin, Comptes Rendus, 183, 24, 1926; Wentzel, Zeit. Physik, 38, 518, 1926; 
Sommerfeld, Wellenmechanischer Ergdnzungsband, p. 158, 1929. 

6 Alexandrow, Ann. Physik, 81, 603, 1926; A. H. Wilson, loc. cit. 

7 Birge, Proc. Nat. Acad, Sci. 14, 12, 1928. 


NOTE ON THE VELOCITIES AND MAGNITUDES OF EXTERNAL 
GALAXIES 


By HARLOW SHAPLEY 
HARVARD COLLEGE OBSERVATORY, CAMBRIDGE, MASSACHUSETTS 


Communicated June 13, 1929 


The line displacement in the spectra of the extra-galactic nebulae and 
its relation to distance will continue to be of much significance in the gen- 
eral problems of cosmogony, whether the displacement be interpreted as 
an indication of radial motion with respect to the observer or mainly as a 
consequence of fundamental properties of space-time. However optimis- 
tic, we must admit much uncertainty in measuring the distances of any 
but the nearest of the external systems. We have reasons to believe that 
the relative distances of the various clouds of galaxies may soon be deter- 
mined witha relatively small percentage error; but the distances to the 
individual scattered galaxies will lack in eertainty because of the wide 
dispersion in real dimensions, in constitution and structural details, and 
in total intrinsic luminosity, which make the use of the necessary photo- 
metric methods inconclusive. 


1. In one of the first general considerations of the velocities of extra- - 


galactic nebulae, I pointed out some ten years ago the systematic recession 
of these objects on both sides of our Galaxy' and the fact that “The speed 
of spiral nebulae is dependent to some extent upon apparent brightness, 
indicating the relation of speed to distance or, possibly, to mass.” 

Six of the brightest spirals had a mean velocity of about fifty kilometers 
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a second, while for the nineteen others with velocities then known the 
mean was fifteen times as large. Subsequent work, mainly by Slipher at 
Flagstaff, and Pease and Humason at Mount Wilson, has approximately 
doubled the number of known velocities. They provide some further 
support to the hypothesis of a dependence of measured velocity on ap- 
parent magnitude and distance; but the extension to fainter objects still 
depends on only a few spectrograms. Except for the important result for 
the faint object N. G. C. 7619, for which Humason? has recently found a 
velocity of +3800 km./sec., the relation of speed to apparent brightness is 
much the same as in 1918. 

2. In the course of a general survey of integrated magnitudes on small 
scale plates—a survey that will eventually include all the brighter nebulae 
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of both the northern and southern sky—we have recently obtained new 
and fairly homogeneous photometric data for the extra-galactic nebulae 
for which radial velocities have been determined. These objects are listed 
in the accompanying table, which gives the N. G. C. number, the position 
for 1900, the measured radial velocity, the velocity corrected for solar mo- 
tion (or ‘‘galactic rotation”), measures of the integrated magnitudes by 
two observers, the mean magnitudes, and, for eighteen of the objects, 
Hubble’s estimates of the distance.* 

Various columns of the table merit brief comments. The tabulated 
observed velocities (mainly Slipher’s data) are taken from Hubble’s 
compilations.? High accuracy in the radial velocities of extra-galactic 
nebulae is never claimed because of the difficulty of the observations. 
It may be noted, for instance, that the values most recently published from 























VoL. 15, 1929 ASTRONOMY: H. SHAPLEY 567 





Mount Wilson for the Andromeda Nebula and its two (presumable) com- 
panions are —220, —185, and —300 km./sec., respectively, though 
formerly the velocities were all considered equal at —300 km./sec. The 
velocities have been corrected for the sun’s motion toward the apex A = 
277°, D = +36°, with a velocity of 280 km./sec., as determined by Hubble 
from the radial velocities of twenty-four nebulae.* The Harvard photo- 
graphic magnitudes were determined from various series of plates, for all 
of which the scale is approximately 10’ to the millimeter. For most of the 
the bright nebulae these plates give images suitable for direct comparison 
with stars of the standard magnitude sequences. The magnitudes are on 
the International Scale. The observers were M. L. Walton and S. F. 
Mussells, the latter using for all objects plates of two different series. The 
average deviation from the mean for the material here tabulated is a tenth 
of a magnitude. 

3 In the accompanying figure the reduced velocities are plotted against 
the quantity 10°?" ~ *°, which corresponds to a plot of velocity against 
distance in megaparsecs, if space is assumed to be essentially transparent 
and the absolute magnitude of a nebula is — 15. 

4. The question may be raised whether the total magnitudes are re- 
liable indicators of relative distances. In the case of globular clusters they 
are found to be practically as dependable as the luminosities of the Cepheid 
variables or of individual stars in the clusters. For these extra-galactic 
nebulae, however, the large dispersion makes the integrated absolute 
magnitude a treacherous indicator of relative distance; the same uncer- 
tainty attends the use of the angular diameters, and also, to a lesser extent, 
the use of the brighest stars. The distances estimated by Hubble (last 
column of the table), except for N. G. C. 598 and N. G. C. 224 (Andromeda 
Nebula), where Cepheid variables have been sufficiently studied, depend 
on the admittedly preliminary assumption that the most luminous stars 
in the nebulae are equal to absolute magnitude —6.3. At the distance of 
these external systems, however, whole clusters of bright stars would 
normally appear as single objects. Thus the Pleiades, with an angular 
diameter of a degree at their distance of about five hundred light years, 
would appear as a single star with an uncommonly high luminosity if 
placed in one of the Coma-Virgo galaxies. 

In general, the evidence from the integrated magnitudes does not appear 
to support strongly the deduction that the velocities of external galaxies 
are directly proportional to their distances; nor is the evidence sufficient to 
oppose that view. It merely seems premature to assume that distances 
sufficiently accurate for theories of space can yet be obtained from the 
apparent magnitudes of the nebulae or of their most luminous objects. 

5. The Holetschek-Hopmann visual magnitudes of the extra-galactic 
nebulae are probably too uncertain in individual cases to give reliable color 
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indices when compared with the photographic magnitudes; in the mean, 
however, they serve to indicate again the absence of measurable scattering 
of light in space. Their importance lies in supplementing the work on the 
Coma-Virgo Cloud by showing the transparency of space in many direc- 
tions. The mean difference for 45 objects (omitting N. G. C. 7619) is 
pg. — vis. = +0.23. Using Hubble’s classification into elliptical, spiral, 
and irregular nebulae, we have the following mean values for the different 
kinds: 


CLASSES NUMBER MEAN COLOR INDEX 
EO to E3 6 +0.22 
E4 to E7 5 +0.30 
All elliptical 12 +0.33 
Sa 5 —0.12 
Sb 14 +0.24 
Se and Pec. 7 +0.34 
All spirals 28 +0.22 
Irregular 3 —0.37 


It is of interest that N. G. C. 7619, the faintest, fastest, and probably 
by far the most remote, has the largest color index. 


6. A consideration of the existing data on integrated photographic 
magnitudes and on velocities brings out the following points that may be 
of sufficient interest to be listed without full discussion. 

a. On the reasonable assumption that the observed systematic drift 
of the nearer external galaxies should be attributed to a galactic rotation 
about the nucleus in Sagittarius rather than to a drift of the whole Galaxy, 
the motions of the nearby external systems with respect to our Galaxy 
are greatly reduced—the Andromeda Nebula group approaches much less 
rapidly, the Magellanic Clouds recede more slowly, and the mean corrected 
velocity of the seven nearest external systems is only —20km./sec, There 
is now much less evidence than heretofore that the Magellanic Clouds are 
distinct from our Galaxy. As viewed from the Coma-Virgo cloud, for 
instance, the Magellanic Clouds would appear as a part of our system and 
could be differentiated from the average galactic star cloud only in certain 
details of nebular and stellar content. 

b. There is an indication, not only in the radial velocities mentioned 
above but also in the frequency of apparent photographic magnitudes, 
that our Galaxy, the Andromeda Nebula, and some of the brightest neigh- 
boring spiral nebulae may be the principal members of a local cloud of 
galaxies, apparently dominated by our own galactic system, and similar in 
population and linear dimensions to many of the clouds of galaxies in the 
southern sky. . 

c. As Lundmark and Hubble have shown, the Magellanic Clouds are 
comparable in dimensions and structure with the members of a class of 
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PHOTOGRAPHIC MAGNITUDES OF EXTERNAL GALAXIES 
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irregular external systems, and they are, in fact, not greatly unlike the 
average galaxy in luminosity and dimensions. It may be inferred from 
the studies at Harvard of the dimensions of the Milky Way‘ and of the 
Coma-Virgo galaxies, investigated by Miss Ames and the writer, that 
the total mass of the approximately three hundred systems comprised in 
the Coma-Virgo cloud is comparable with the mass of our Galaxy. Our 
Galaxy, however, appears to be much more compactly aggregated than the 
cloud of galaxies in Coma-Virgo, which is loosely strewn throughout a re- 
gion with a diameter probably five to ten times that of our galactic system. 
It remains for future investigation to see if theory or comparative observa- 
tion can show how an enormous system such as ours may develop from (or 
into) a dispersed group like the Coma-Virgo cloud, with its individual 
members ranging in dimensions from objects smaller than the clouds of 
Magellan to spirals approximately as large as the Andromeda Nebula. 


1 Shapley, Mt. Wilson Contr., No. 161, 20, 1918. 

2 Humason, these PROCEEDINGS, 15, 167, 1929. 

3 Hubble, these ProcEEpINGs, 15, 169, 1929. 

4 These PROCEEDINGS, 14, 825-834, 1928. 

5 Shapley and Ames, Harvard Bulletins 864, 865, 866, 868, 869, 1929. 


WATER-INTAKE AND ITS RELATION TO THE SURFACE AREA 
OF THE BODY 


By Curt P. RICHTER AND Miriam E. BRAILEY 
PsycHo-BroLocicaL LABORATORY, JOHNS Hopkins MEpIcaL SCHOOL 


Communicated May 31, 1929 


Our knowledge of the factors involved in the regulation of the water- 
intake of man as well as of animals is still very limited. From the point 
of view of physiology much is known, of course, regarding the effect on 
the blood, the kidneys, and the tissues in general, of forced administration 
of water in various amounts; but from the point of view of the behavior 
of the entire organism—to what extent and how the animal itself regu- 
lates the water-intake—our knowledge is meager. It is with the solution 
of this problem that the present experiments are concerned. 

Obviously it would be very difficult to determine what regulates the 
water-intake in man because of various current fads and deep-rooted 
notions regarding the efficacy or inefficacy of drinking large or small 
quantities of water. Therefore, recourse must be had to animals whose 
behavior is not influenced by such complicated factors. 

Rats were used for this purpose since their thirst or drinking habits 
can be studied under very simple and satisfactory conditions. From 
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observations made on fifty-one animals it has been determined how much 
the rat drinks from day to day over long periods of time, from the age 
of weaning well into middle age. Study of the graphs plotted from these 
data has made it possible to establish the principle which determines the 
water-intake of the rat and which may determine the water-intake of man 
as well. 

Methods.—In these experiments the daily water-intake of fifty-one 
albino rats was measured from the 30th day (time of weaning) to the 
160th day of life. Twenty-four males and twenty-seven females were 
studied. The animals were given free access to food and water through- 
out the experiment. 

They were kept in separate cages of the type used in activity experi- 
ments and described in previous papers (Richter and Wang, 1926; Richter, 
1927). Each cage consisted of a small living compartment large enough 
to hold a large rat, a food cup, and a water-bottle. Attached to the 
compartment was a revolving drum always accessible. The revolutions 
of the drum were recorded on a cyclometer. 

The type of inverted water-bottle used was described in a previous 
paper on the effect of alcohol on activity and food-intake (Richter, 1926). 
Evaporation was reduced to a minimum because of the small area of water 
exposed to the air, and loss of water through spilling or leakage was en- 
tirely eliminated. 

The temperature of the room in which the animals were kept varied 
between 72° and 78°F. averaging 75°F., except during a few weeks in 
the summer when it rose occasionally to 80°F. The humidity averaged 
about 70%, fluctuating between 50 and 90%. 

The food used in these experiments was the standard diet recommended 
by McCollum of the Johns Hopkins School of Hygiene, and was mixed 
per kilogram according to the following formula: 


Graham flour 725 grams 


Skimmed milk powder 100 grams 
Casein 100 grams 
Calcium carbonate 15 grams 
Salt 10 grams 
Butter 50 grams 


The rats were allowed to eat as much of this dry food as they wished. 
Five grams of fresh lettuce, estimated to contain three cubic centimeters 
of water, were fed to each animal weekly. The diet used is thus de- 
scribed in detail in order that its dry nature may be emphasized and that 
its constant salt content may be borne in mind. Variations in water- 
intake referable to changes in the kind of food were ruled out in this manner. 

Results.—The daily water-intake curve for a normal female albino rat 
is shown in figure l-a. ‘The ordinates give water-intake in cubic centi- 
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meters; the abscissae, the age of the animai in days. It will be noted 
that the water-intake increased gradually with age from 5 cc. at 30 days 
to about 17 cc. between 150 and 160 days. It will also be noted that 
although the general shape of the curve is fairly regular, there is con- 


25. 


201 


£15) 
55) 


is) 
Ags in gous : : : ; : , 
C 80 90 100 110 120 130 40 150 160- 











§ 10} g 





Age in days 
30 FO Ea 60.70 80 40 100 110 120 1450 140 150160 


FIGURES 1-A AND 1-B 


Fig. l-a. Typical daily water-intake curve for a female rat between 30 and 160 
days of age. 

Fig. 1-b. Average daily water-intake curves for twenty-four male and twenty-seven 
female rats calculated for ten-day periods. 


siderable fluctuation in the water-intake from day to day. The range 
of fluctuation is rarely more than 5 cc., however. ° 

The average intake in cubic centimeters calculated in ten-day periods 
for the twenty-four males and twenty-seven females is shown in the 




















VoL. 15, 1929 


BIOLOGY: RICHTER AND BRAILEY 573 


curves in figure 1-b. Between the 30th and the 40th days the average 
daily intake is 19.5 cc. for the males, and 15.8 cc. for the females. ‘These 
values increase to 33.5 cc. for the males and 25.5 cc. daily for the females 
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FIGURES 2-A AND 2-B 


Fig. 2-a. Graphs showing the relationship of average daily water-intake to body- 
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weight for an equal number of male and female rats from 30 to 160 days of age. 


Fig. 2-b. Graphs showing water-intake per kilo body-weight for the same groups of 


males and females. 
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between the 150th and 160th days of life. Besides the increase of fluid 
intake with age, it is very important to note the fact that the males drink 
more than the females. 

The gradual increase in water-intake which seemed to parallel the 
growth of the animal suggested that there might be some relation between 
water-intake and body-weight. The larger water-intake of the males, 
which grow more rapidly and become larger than the females, was also 
suggestive of the presence of such a relationship. In order to test this 
suggestion the curves shown in figure 2-a were prepared. They show 
the water-intake in cubic centimeters just as in figure 1-b, but in addition 
they show the body-weight curves with scales adjusted so that the two 
sets of curves start as nearly as possible at the same point. It can be 
seen that the body-weight increases much more rapidly than the water- 
intake, so that at 160 days there is a wide difference between the water- 
intake and body-weight curves. This discrepancy can be seen also when 
the water-intake is calculated per kilogram of body-weight as in figure — 
2-b. There is a very sharp drop in the curve from 30 to 60 days, and a 
moderately sharp drop from 60 to 130 days After that it appears to reach 
a more or less constant level of about 150 cc. per kilo. 

It must be noted that the difference in water-intake between males 
and females almost disappears when the intake is calculated per kilo 
body-weight. In fact, after the first 60 days, the males drink slightly 
less per kilo body-weight than the females. 

From all of these figures, then, it becomes clear that water-intake does 
not bear a direct and simple relationship to body-weight. It must be 
dependent on some other factor. The next relationship which suggests 
itself is with surface area. This was calculated from the body-weight by 
means of Meek’s formula, using Rubner's constant for the rat—0.091 ~/W? 
(Lusk, 1928). Figure 3-a shows again the absolute water-intake in cubic 
centimeters as in figure 1-b, and in addition the average surface area of 
the male and female rats between 30 and 160 days of age. The scale 
for surface area curves was calculated so that the initial ordinates for 
surface-area and water-intake would be approximately the same. The 
top lines are for the males. It can be seen that, very differently from the 
body-weight curve, the surface-area curve coincides almost exactly through- 
out with the curve for water-intake. The same is true for the females. 
The curves parallel each other as closely as one could expect in any physio- 
logical relationship. 

This correlation between water-intake and surface area can be seen in 
the curves in figure 3-b, where the water-intake is calculated per square 
meter body-surface. Here the curves for the males and females are almost 
flat lines from 30 to 160 days, averaging about 800 cc. per square meter 
of body-surface. There is some slight difference between the males and 
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females during the early part of the experiment, but after 110 days the 
curves come together closely. In ten additional animals we were able to 
show that this level is maintained constantly for at least 560 days. The 
animals were killed at that time, but it is probable that the intake would 
have remained the same for some time longer. 

It is interesting to note that when these water-intake figures for the rat 
calculated per square meter of body-surface are applied to man, we obtain 
a figure of 1400 to 1600 cc. per day, which is generally believed to be the 
normal water-intake for man. When the water-intake for man is calcu- 
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FIGURES 3-A AND 3-B 
Fig. 3-a. Graphs showing the relationship in the rat between average daily water- 
intake and surface area of the body between 30 and 160 days of age. 
Fig. 3-b. Graphs showing water-intake per square meter of surface area. 








lated on the basis of the per kilo body-weight intake in rats, about 8500 
cc. is obtained for the average adult, which far exceeds the actual intake 
except under pathological conditions. It may be that this relationship 
between water-intake and surface area will hold generally for other mam- 
mals besides the rat and man. 

Discussion.—It was shown above that the amount of water that the rat 
drinks is determined under ordinary conditions by its surface area. The 
question arises at once as to the significance of this observation—why 
should this be so? We may say at the outset that there are no data at 
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hand by means of which a fully satisfactory answer to this question can 
be given. There are, however, two possibilities which we should like to 
mention and which may help to clarify the issues for further experimenta- 
tion. 

The explanation which occurs most readily, particularly to those familiar 
with work on metabolism, is that water-intake must be dependent on the 
metabolic rate which is known to be proportional to the body-surface. 
Water-intake would bear only an indirect relationship to body-surface 
according to this view; that is, body-surface would determine mietabolic 
rate, and metabolic rate would in turn determine water-intake. 

The second explanation of the relationship of water-intake to body- 
surface is concerned with the temperature control of the body. The chief 
heat-regulating functions of the skin have to do with radiation and con- 
duction of heat and the gradual elimination of moisture by evaporation. 
It is to the last of these functions that we might expect water-intake, to 
be related. 

The facts favoring and opposing these two views may now be considered. 
So far as the first view is concerned the evidence that we have indicates 
that water-intake under ordinary conditions is not dependent on metab- 
olism. To begin with it is known that young animals have a higher 
metabolic rate than adult animals calculated per square meter surface 
area. Despite this higher metabolic rate we have just shown that the 
water-intake is the same for a 30-day old animal as for an animal 130 
days or even 560 days old. So, also, the water-intake per square meter 
surface in the female is the same as that of the male, although the metab- 
olism of the female is considerably more rapid. 

The evidence in favor of the view that water-intake is determined by 
the evaporation of water is limited but still quite suggestive. As a basis 
for this discussion it must be made clear that it is now well known that 
rabbits and other animals like the rat, which apparently do not have any 
sweat glands at all, do give off a considerable amount of moisture each 
day in the form of insensible perspiration (Richardson, 1926; Eimer, 1927), 
and that the amount of moisture given off is not influenced to any notice- 
able extent by the presence of the hair on the skin, since an equal amount 
is given off after all the hair has been clipped away. 

The importance in the rat of this means of water elimination can be 
made clear when we see what a large difference there is at ordinary tem- 
peratures (75° to 78°F.) between the amount of water eliminated in the 
urine as compared to the total water-intake. We have found that only 
about one half or less of the water consumed leaves the body through the 
kidneys. The rest must leave either through the lungs or the skin. Ac- 
cording to Meyer’s formula (1925) all mammals eliminate in the form of 
insensible perspiration 40 grams of water per hour per square meter of 














VoL. 15, 1929 BIOLOGY: RICHTER AND BRAILEY 577 


body-surface. On this basis the rat should eliminate 960 grams per day 
per square meter in this way. ‘This figure is rather high, since the rat 
does not drink that much daily. There can be no doubt, however, that 
a large amount of the fluid intake is eliminated as insensible perspiration. 
Judging from what is known from comparable experiments on man, who 
eliminates about 750 to 800 cc. per day as insensible perspiration, about 
two-thirds will leave through the skin and the remaining one-third through 
the lungs. This is a surmise, of course, since the only definite reason we 
have to believe that the same proportions that hold for man will hold 
also for the rat is the fact that the same law of water-intake which applies 
to the rat apparently applies also to man. From preliminary experiments 
performed with this end in view, we have learned that water-intake as 
well as water-elimination in the form of urire or insensible perspiration 
shows an almost incredible sensitivity to so-called psychic stimuli, which 
would make efforts by ordinary means, measurements in closed boxes, 
etc., used in work on rabbits, of rather doubtful value. The problem 
becomes somewhat more perplexing in view of the claim of Benedict and 
Root (1926) that there is a close correspondence between insensible per- 
spiration and metabolic rate. 

In any case, it will be very interesting to determine definitely why it is 
that under ordinary conditions the amount of water taken daily is de- 
termined by the surface area. 

Summary.—1. ‘The daily water-intake of fifty-one rats, twenty-four 
males and twenty-seven females, was measured from the age of 30 to 160 
days. ‘The intake increases gradually with age and is larger in the males 
than in the females. For males it is 19.5 cc. at 30 days and 33.5 cc. at 
160; for the females 15.8 cc. at 30 days and 25.5 cc. at 160 days. 

2. An attempt-was made to correlate the water-intake with the body- 
weight inasmuch as it seemed to increase with body-weight and because 
the males, which are larger, drink more. This attempt was unsuccessful. 
Water-intake increases much more slowly than body-weight. Young 
animals drink more per kilo body-weight than adults. For adults the 
the average intake per kilo is 150 cc., which when calculated for man 
would be 8500 cc. ‘This is much higher than 1500 cc. which is generally 
regarded as a good average. 

3. It was found, however, that water-intake is very closely correlated 
with body-surface. The curves for body-surface and water-intake co- 
incide perfectly throughout the entire period over which these experi- 
ments were carried on. When water-intake is calculated in terms of 
square meter of surface, the intake is about 800 cc. per square meter at 
all ages from 30 to 160 days, and when calcuated for man amounts to 

1500 cc., which is very close to the expected average. 

4. The possible significance of these observations was discussed in 
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terms of the relation of water-intake to metabolism, and to moisture lost 
through the skin in the form of insensible perspiration. 
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THE INFLUENCE OF THYROID GLAND FEEDING ON THE 
ACCELERATION OF THE GROWTH OF LARVAE 
OF DROSOPHILA MELANOGASTER 


By W. W. ALPATOV 
INSTITUTE FOR BIOLOGICAL RESEARCH, THE JOHNS HopkKINS UNIVERSITY 


Communicated May 20, 1929 


This question has attracted the attention of many investigators since 
1908 when M. Nowikoff' published the first paper dealing with the in- 
fluence of hormones of vertebrates upon the organism of invertebrates. 
In spite of that in a recent review of this literature by Hahn? only five 
papers are mentioned which show positive evidence of the effect of thy- 
roid substances upon invertebrates. The authors of the papers are: 
Kunkel (1918), Abderhalden (1919), Vecchi (1920), ‘Terao-Wakamori 
(1924) and Kopeé (1924). Only Kopet’s material has been worked out 
from a statistical point of view and gives us, therefore, the right to con- 
clude that the feeding with addition of thyroid substances diminishes the 
weight of the chrysalids Limaniria disparL. The results of other numerous 
investigations cannot be taken into a serious consideration because of two 
reasons. First of all, most of the authors are evidently very little informed 
about the natural history and the normal variations of vital functions of 
the animals studied, and second they do not apply statistical methods in 
the process of working out the collected data. 

In our attempts to solve this problem we tried to overcome both of 
these defects. As material we took larvae of Drosophila whose normal 
growth and variation have been thoroughly described in our previous 
paper.‘ In this investigation we used the same methods of collecting, 
preserving, and measuring the larvae as before. The thyroid substance 
was used in the form of powdered hog thyroid containing 0.42 per cent 
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of iodin mixed with powdered Magic yeast cake. The control larvae 
have been fed on yeast containing instead of thyroid powder an equivalent 
quantity of powdered hog muscle. ‘The powdered thyroid and muscles 
have been kindly prepared for us by Dr. Frederic Fenger from the labora- 
tory of Armour and Company, Chicago. In the particular experiment 
that we are going to describe in this paper we mixed 0.500 gr. of yeast 
with 0.050 gr. thyroid and 0.050 gr. muscle powder as control. Thirty 
drops of distilled water have been added to the dry substances in the 
beginning and five drops added in each bottle every day during the larval 
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FIGURE 1 


Variation curves of the body length of control (dash line) and thyroid (continuous 
line) larvae: 


life. The food was put on 50 gr. of plain 2% agar-agar in half-pint bottles. 
For 48 hours from the beginning of the experiment the bottles have been 
kept at the temperature of 30°C., and afterwards placed in 28°C. The 
larvae were killed 67 hours after being put on food. Their age at the 
time of placing them on food was 0-4 hours. We did nine experiments 
‘ith thyroid, measuring in total about eight thousand larvae. 

All our experiments showed definitely that the thyroid larvae killed 
before the moment when they begin to leave the food and to crawl around 
are significantly larger than the control ones. The fourth and fifth experi- 
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ments are the only exception but we know definite causes in the technique 
of killing the larvae which explain the absence of the effect. 
Table 1 and figure 1 show an example of one of the experiments. 


TABLE 1° 
NINTH EXPERIMENT (ApRIL—May, 1929). 


ALL LARVAE BELONGING TO THE THIRD 


Stace. InirraL, DENstry—80 LARVAE PER BOTTLE 


CONTROL LARVAE 
IN MM. 


M 4.916 + 0.007 
6 0.2120 

Cc 4.31 = 0.10 
N 400 


THYROID LARVAE 


DIFFERENCE IN MM. 
0.222 = 0.010 5.138 + 0.007 
Diff. = 22.2 0.2266 
P.E. 

4.41 + 0.10 
422 


We have certain evidence to believe that the imagoes developed from the 
“thyroid” larvae by no means surpass the control ones in size. On the. 
contrary they seem to be a little smaller. This means that the thyroid 
feeding has only an accelerating effect on the rate of larval growth being 
in that respect in harmony with findings of other authors who had worked 
on the same problem with Amphibia. 

The exact proof of the specific effect of the hormone of vertebrates 
upon the invertebrates deprived of corresponding glands of internal 
secretion has a double significance. First, it shows that the substances 
produced by the glands of internal secretion have a universal effect on 
living organisms; second, that the invertebrates having a short period of 
development can be successfully used as very convenient test animals 
in the field of endocrinological researches. 

1 Nowikoff, M., 1908, “Ueber die Wirkung des Schilddriisenextractes und andere 
Organstoffe auf Ciliaten,’’ Archiv. Protistenkunde, Bd. 11. 

2 Hahn, Jar., 1929, ‘‘Ueber den Einfluss von Schilddriisenfiitterung auf die Metamor- 
phose der Vanessa io and Tenebrio molitor,” Archiv. Entwicklungsmechanik der Organ- 
ismen, 115, ‘/, Heft, 336-359. 

3 Kopeé, S., 1924, “Experiments on the Influence of the Thyroid Gland on Meta- 
morphosis and Weight of Insects.’”” (In Polish with an English summary.) Mémoires 
de l’Institute National polonais d’économie rurale 4 Pulawy, Tome 5, Partie A., pp. 
356-378. 

4 Alpatov, W. W., 1929, ‘““Growth and Variation of the Larvae of Drosophila Melano- 
gaster,” J. Exper. Zodl., 52, No. 3, 407-432. 
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ON THE GEOTROPIC RESPONSE IN YOUNG RATS 


By G. Pincus* AND W. J. CROZIER 
LABORATORY OF GENERAL PHysioLOGy, HARVARD UNIVERSITY 


Communicated April 25, 1929 


I. The interpretation of the basis of specifically central nervous phe- 
nomena, ultimately including (it is to be presumed) even those of ‘‘mental’’ 
rank, we may expect to be furthered by the establishment of units in 
which such phenomena may be measured and expressed. As a practical 
matter, this becomes the problem of describing, in a quantitative way, 
manifestations of central nervous activities of particular sorts as individual 
functions of some controlling, independent variables. Parameters and 
coefficients of such functional equations may then be investigated as to 
the changes in their magnitudes under controlled conditions; in this way 
information may be secured as to the physical significance of the respec- 
tive constants. In general, no other mode of approach seems likely to 
be satisfactory. It can scarcely be held that this kind of formulation 
has thus far made conspicuous progress. There are, however, cases in 
which two different kinds of response in a given animal may be respec- 
tively amenable to formulation in terms of movement as a function of 
excitation when each is studied as an isolated phenomenon, and in which 
the organism can then be ‘observed to respond in a predictable, compound, 
way when both types of excitation are at work simultaneously.' The 
formal statement of such effects includes constants containing propor- 
tionality factors and other quantities, as well as parameters corresponding 
to effective thresholds of excitation. The experimental modification of 
these constants supplies the type of evidence which we may legitimately 
seek. 

Behind such attempts there persists a general problem, which has been 
more or less ignored as a problem, although often a source of unintelligent 
mirth to those impatient with mathematical formulation. It has to do 
with the question as to the degree with which the behavior of an organism 
can legitimately be given mathematical formulation in an equation. The 
consistency of observations can of course be weighted by statistical 
methods, but this is not primarily the point. In other cases the general 
mode of treatment, the kind of interpretation provided, can be tested by 
deduction of the forms of hitherto untested but contingent relationships, 
subsequently studied in a quantitative way. But this does not com- 
pletely answer the requirement, because not infrequently question remains 
as to the biological ‘‘reality’’ of the assumptions employed in the original 
formulations. This difficulty is in part an emotional one, and is often 
justified. Of the two types of formulation consciously employed that 
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which is purely statistical is unsatisfying, since the constants it provides 
are dimensionless and arbitrary; expressions derived from physical theory 
have the enormous advantage that the character of their contained con- 
stants immediately gives basis for concrete experimental tests. Without 
such tests these equations may also remain arbitrary.” If the organic 
significance of the constants is the objective of inquiry, it becomes neces- 
sary to justify in some independent way the specific equation chosen to 
express the initial results, 
or at least the mode of rep- 
resentation adopted for 
them. 

The proof of the physical 
adequacy of a given mathe- 
matical formulation for 
events, behavior, in an or- 
ganism seems to necessitate 
demonstration that its con- 
stants have a “‘real’’ bio- 
logical basis. It is easily 
objected that biological 

, transactions are ‘‘too vari- 
= = vais a ~ '0 able” to warrant such an 
FIGURE 1 undertaking, but there is 

Data from several series of observations with ground for rejecting this 
young rats of race K, of race A, and of race Bdem- yjew.? It can also be ob- 
onstrate the consistent differences with which the jected, with greater cogency, 
upward orientations (@), on a surface of slope a ad- 
here to the formulation cos 9 = a — b sin a, where that for any smooth rela- 
a and } are constants. [It will not do to fix the tionship between two vari- 
straight lines and determine the constants a and} ables a large number of dif- 
for the purpose of obtaining figure 3 by differentia- ferent formulations might 
tion, because the departures of the observations from be devised. This diffi culty 
rectilinearity are systematic and significant, and it is 
these departures which in part determine the essen- 
tial characteristics of figure 3. ] 
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is easily avoided, however, if 
we confine attention to the 
attempt to show that the 
difference between two magnitudes of a dimensionally identical constant 
is biologically a real difference. 

A “biologically real difference’ would be one which for example behaves 
in a definite unitary way when subjected to manipulation of a purely 
biological sort. It must then be conceded a molecular substratum. A 
unitary effect in inheritance, exhibiting allelomorphic relationships with 
other similar units, is an example of such reality. For our further pur- 
poses, however, it is necessary to consider a ‘‘unitary effect in inheritance” 
as not precisely a gene, as the concept supporting this term is customarily 
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used, but to consider it as a unit of inheritance having the dimensions of 
“amount or degree of organic expression per unit change of some (specified) 
controlling variable.” 

We may illustrate this viewpoint by means of data pertaining to the 
geotropic conduct of young rodents. 

II. In several genetically stabilized lines of young rats the extent of 
upward orientation on an inclined surface is a function of the slope of the 
surface. The form of this function is the same in the several races, but 
the numerical values of the respective constants are characteristic for 
each race. Figure 1 contains data from successive series of measure- 
ments with rats of lines K, A and B. Details of the procedure and of 
the statistical weights of the 
mean orientation angles are 
given in the completed re- ° 
ports.'* In terms of the for- 
mulation previously given,' 





° 


A cos @/sin a = —const., in By F 
each case, where 6 = orienta- ee 

tion angle on the surface in- & A 
clined at a° to the horizontal. 3 - A, 


But the intercept constants, 
and the slope factor, are 
clearly different for the two ° 

lines A and K. The graph l l l l 
for A is as if rotated about “lag sins eee 


. : > FIGURE 2 
a mid-point of that for K. = site 
The amount of upward orientation, in degrees 


With an additional race, (9), is related to Jog sin a, where ais the slope, by 
labeled B, we find that the 4 sigmoid curve; data from races K and A. 


slope A cos 6/A sin a is sensi- 

bly the same as for race A, but that the threshold intercept is higher. 
There are thus two kinds of difference recognizable among the constants 
in the equation successfully describing the relation of amount of orienta- 
tion to excitation. 

It was earlier shown! that, to a fair approximation, the extent of upward 
turning is nearly a straight-line function of log sin a. But in fact every 
series of measurements has shown that the relationship of @ to log sin a 
is to be described as a long-drawn S (Fig. 2). (It happens that lines A, 
K and B give straight-line relations between cos 6 and sin a over the 
whole working range of sin a, a fact which has made the further analysis 
possible. In other genetically uniform groups of rats different parts of 
the sin-a range gives lines of different slopes. The reason for this becomes 
obvious in the later treatment of the data.) The relation A cos 6/A sin a 
_ = —const. was arrived at by considering that stable orientation on the 
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inclined surface is achieved when the tension excitations due to the pull 
of the animal’s weight are the same, within a threshold difference, on the 
legs of the two sides of the body. In this event the extent of upward 
turning is a direct proportional measure of the total amount of stimulation 
per (large) unit of time. The total excitation of tension-receptors must 
be regarded as involving, over a gross interval of time: (1) the total 
array of these receptors with thresholds below a certain value, which is 
a function of the stretching force; and (2) the frequency of change of 
tension. The latter it is to be presumed is determined chiefly by the 
frequency with which steps 
are taken, and should thus be 
proportional to the speed of 
progression. It has been 
shown’ that the speed of pro- 
gression is a straight-line 
function of log sina. Hence 
the differential A@/A log sin 
a, when plotted as a function 
la) of the stretching force, should 
. ae give a picture of the distribu- 

i tion of effective thresholds 
_ _ 06 a 10 among the available tension- 


sina ‘ 
FIGURE 3 receptors in terms of the ex- 


The first differentials of the curves given in figure Citing component of gravity. 

2 are plotted against sin a, to obtain a.picture of For lines A and K these dis- 

the array of thresholds among tension receptors tributions are given in figure 

concerned in the geotropic orientation. The 3. For these two lines the 
curves are clearly composite, and resolvable into aod . 

distributions are clearly re- 


three portions in each case. 

solvable in each case into 
three distinct groups. The only real difference between the curves (Fig. 3) 
has to do with magnitudes of the respective ordinates, which are in con- 
stant ratio throughout. 

In the case of race B, previously referred to, the three components of 
the array of receptors are again apparent, but the distribution curve for each 
one is broadened, the modes occurring at the same points on the sin a scale. 

It has been possible to show through tests in which a small mass of 
metal has been attached to the animal that these ‘“‘groups of sense organs” 
are selectively influenced by the added load, in such a way as to demon- 
strate quantitatively the organic distinctness of the several groups. 

III. Individuals of the F; generation produced by crossing lines K 
and A, and tested under the same conditions, show analogous relations 
between @ and long sin a (Fig. 4). Analysis of the differential of this 
curve demonstrates the presence of a lower segment identical with that 
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for the A parent (parts 7 and 77 of the curve in Fig. 3), an upper segment 
similar to that for the K parent. 

A sufficient genetic test of the “‘reality’’ of the constants in the formulae 
descriptively connecting the response 6 with the exciting component of 
gravity should thus be obtained by the study of individuals produced in 


the back cross generations (F; X A) and (F, X K). If, as indicated, 


the inheritance is purely Men- 
delian, in the first case the in- 
dividuals should yield curves 
all of one kind except that in 
one-half of them the terminal 
slopes of the curve of 6 vs. log 
sin a should be steeper than 
with the other half. This is in 
fact found to be true, although 
the differences sought are 
small. In the other back- 
cross, however, we look for 
four phenotypic groups of in- 
dividuals, respectively showing 
(in terms of figure 3) J, IJ; i, 
IT; 1, wi; 1, uw. In the num- 
bers of cases tested these four 
classes are indeed clearly rec- 
ognizable, by several indepen- 
dent criteria, and occur with 
equal frequencies. A sum- 
mary of the data is given in 
figure 4. 

IV. We may accept the 
view that the definition of a 
gene should properly be based 
upon the formulation of an 
effect in inheritance as a func- 
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FIGURE 4 

F, curve, 0 vs. log sin a for F, individuals 
from the cross (K X A). The lower portion of 
this curve is of slope comparable to that for the 
A parental race, the upper limb is essentially 
the same as with the K parental strain. Taken 
as a whole, the curves are clearly intermediate 
between those gotten, respectively, with A and 
with K. 

Upper curves, those from the two recogniz- 
ably distinct groups of individuals in the back- 
cross generation (F; X A). 

Lower group of curves, those for the four 
recognizably distinct groups of individuals ob- 
tained in-the back-cross generation (F, X K). 





tion of some independent variable which can influence its expression. 
Otherwise no units can be obtained for the measurement of the gene in 
terms which may admit determining its nature. It may then be argued 
that in the present case the slope of the line connecting the amount of 
response with the inclination of the surface, that is, with the exciting force, 
is definitely an example of the operative significance of this mode of defining 
a “unitary effect in inheritance.’’ It is not the amount of the response 
which is subject to hereditary transmission, but the way in which this 
response changes as a function of its inciting condition. Without such 
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formulation, the real nature of the differences between lines A, K, B in 
the respects which here concern us could not be recognized, let alone 
analyzed. The fact that the case investigated is complex, in the sense 
that three pairs of ‘‘factors’’ have been distinguished, is in no degree 
adverse to this general statement and indeed points the way to certain 
attractive theoretical possibilities. It should be mentioned, however, 
that the statistical significance of the differences relied upon for the 
analysis is fully protected through the demonstration!‘ that the varia- 
bility of the responses is subject to exactly the same rules as those which 
connect the amount of response (@) with the gravitationally exciting 
component (sin a). There is also the fact that throughout the present 
experiment an “internal check” on the grouping of individuals has been 
obtained through the independent segregations of color factors involved 
in the crosses and of which the genetic behavior is already well known. 
These groupings are not dependent on the weights of the respective 
individuals at the time of testing. 

The problem initially raised in the present note had to do with the 
possibility of demonstrating that the difference between numerical values 
of a dimensionally identical constant describing the homologous behavior 
of two different groups, genetically stabilized, of the same kind of organism, 
may have a “‘real’’ significance. The facts summarized in figure 4 show 
that the required demonstration seems to have been obtained, and that 
the specific values of the slope constants obtained in the examination of 
the races K and A are recoverable in a genetically rational scheme after 
two generations of cross-breeding. 

This particular case by itself gives a specific illustration of the necessity 
for the preliminary establishment of biological uniformity among indi- 
viduals concerned in quantitative experimentation. It happens that it 
does not stand alone, since facts of a comparable sort have emerged in 
the course of an analogous research involving temperature characteristics, ° 
in which an exactly similar mode of proof demonstrates the ‘‘reality’’ of 
the formulations used, in the sense that differences between the contained 
constants correspond to biological individualities. 


* NATIONAL RESEARCH COUNCIL FELLOW. 

1 Crozier, W. J., 1925-28, J. Gen. Physiol., 8, 671. Crozier, W. J., and Pincus, G., 
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DIELECTRIC LOSS IN ELECTROLYTE SOLUTIONS IN HIGH 
FREQUENCY FIELDS 


By W1LLiAM T. RICHARDS AND ALFRED L. Loomis 


ALFRED LEE Loomis LABORATORY, TUXEDO, N. Y., AND THE CHEMICAL DEPARTMENT 
OF PRINCETON UNIVERSITY 


Communicated May 27, 1929 


Several investigations have recently been reported which deal with the 
biological effects of short wave electrostatic fields. The first of these, 
carried out by Schereschewski,'! showed their lethal effect on mice, and 
developed a theory that certain wave-lengths act specifically on cells. 
This theory has since been criticized by Christie and Loomis,? who found 
that all effects produced on animals can be fully explained on the basis 
of heat generated by the high frequency currents which are induced in 
them. Hosmer* and Kahler, Chalkley, and Vaegtlin,‘ the latter working 
on paramoecia, have come independently to conclusions similar to those 
of Christie and Loomis. It seems of interest, therefore, to inquire briefly 
into the cause of the heating which animals undergo, and to correlate it 
with the physico-chemical constitution of their body fluids insofar as 
this is possible. ‘This communication will discuss briefly the behavior 
of electrolytes in high frequency fields, and will demonstrate that it is 
analogous to that of small living organisms, and may be explained on 
simple physical assumptions. 

Theory.—The power loss p in a liquid filled condenser of capacity C 
subjected to a field of potential E and frequency w is described in an 
unpublished theorem of Pierce® by the following expression: 


Ar E*Cwrye 


p= : 
IC. 4C? 

2 1 4 5 
€ ( + 26) +. 49ry Ce 


(1) 








where ¢ is the dielectric constant of the dielectric in the condenser C, 
y the conductivity of the dielectric in e. s. u., 2C) the capacity of the con- 
taining cell, the air gap between the electrodes and cell walls, etc., and 
a has its usual significance. At first sight this relationship is extremely 
stimulating, for it reduces, when the power and capacity factors of the 
circuit are maintained constant, to 


Axew 


cae Be? + Dr?’ 


x being the specific conductivity, and A, B and D constants. Since 
the value for w may be obtained with great precision by comparison with 
crystal oscillators, and since, the value for x is identical with that obtained 
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at infinite wave-length until the oscillations approach the order of time 
interval necessary for the ion to assume the Stokes condition, it appears 
that expression (2) will permit the determination of the important quantity 
e of electrolyte solutions. Unfortunately this is not the case because 
A, B and D, since they contain capacity factors, are functions of «. Since 
the measurement of all of the capacities of a circuit at high frequencies 
is at present a matter of considerable difficulty, and since with each new 
solution a corresponding change in e, A, B and D must occur, attempts 





14 





12 


« 


| 10 2." 





i 








Heating in 
ror] 


wa ¥ 
eal Ze 


or 








— 























0 





0.6 0.5 0.4 0.3 0.2 0.1 
Concentration (equivalents). 
FIGURE 1 
Heating of electrolytes per unit time at 35.6 meters. 
Sodium chloride ©, lead acetate @, mercuric chloride +. 
Actual temperature elevations have been plotted against 
molarities in this case to contrast with figure 2. 


to calculate « end in attempts to solve m simultaneous equations contain- 
ing ” + 2 variables. 

Equation (1) retains, however, a very considerable usefulness for in- 
terpreting power loss in liquid conducting systems if we introduce the 
approximation « = const. This entails a further simplification of (1) 
resulting in 

A’wk 
p= 


1S. mansateonntaamiinie 3 
B’ + Dr? 8) 


where A’ = Ac and B’ = Be*®. This approximation is justified for dilute 
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electrolytes by the current treatment of dielectric constants, which con- 
siders approximately true a relationship of the type 


€ = €&) — Ba 


where a is the equivalent concentration of a univalent ion, ¢)9 and e the 
dielectric constants of solvent and solution, respectively, and 8 a constant 
(about 6). 

Power loss is manifested in several ways. Perhaps the most accurate 
method of observing it would be by measuring the magnitude of the 
current in the circuit, since this is inversely proportional to a simple func- 
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FIGURE 2 


Heating of electrolytes plotted against the logarithm of the specific 
conductivity. The data of figure 1 replotted to show conformity 
with relation (4). The curve drawn in as a solid line approximates 
very closely to the theoretical curve. 


tion of the power loss. This offers severe experimental difficulties, how- 
ever, since any fluctuation in the current in the oscillator manifests itself 
as experimental error. A more ready measure of the relative power loss 
may be obtained by the rise in temperature of the dielectric itself. Ina 
conducting solution an ion may be pictured as being dragged alternately 
in opposite directions by the shifting polarity of the field, the energy 
necessary to effect this being expended in internal friction and manifesting 
itself as heat. (It should perhaps be pointed out, in passing, that this 
type of power loss, the so-called “J?R heating,” is entirely different in 
character from that manifested by pure dipolar liquids at high frequencies 
and viscosities, and known as the “anomalous dispersion of Debye.’’*) 
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The equation to be tested in the following sections reduces, finally, there- 


fore, to 
, 
Pn A’ Kw (4) 
B’ + Dr? 
where only the general proportionality of the dielectric loss to frequency 
and conductivity may be demonstrated. 

Apparatus and Method.—The method of producing high frequency 
oscillating circuits has already been described by Christie and Loomis,? 
and considerations of space make its repetition unadvisable. Lower 
frequency circuits, from 14 to 1000 meters wave-length, were constructed 
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Dielectric loss in colloidal solutions compared to sodium chloride 
at 35.6 meters. Sodium chloride represented by ©. I is a !/2% 
solution of gelatine 0.002 M in NaCl, II is a solution of egg albumin 
in NaCl, III is an undialyzed ferric hydroxide hydrosol, IV is a 
suspension of glass in sodium chloride, V is an emulsion of hydro- 
carbon oil in water. The solid line represents a portion of the bell- 
shaped curve defined by sodium chloride as given in figure 4. 


essentially as Wood and Loomis’ have described. ‘The only part of the 
apparatus which need here be detailed is the condenser-container for the 
liquid dielectric. Several forms of such condensers were employed, that 
finally adopted consisting of two glass optical filter troughs 10 X 10 X 1 
cm. placed side by side. Over half the outside surface of both sides of 
each of these were cemented square plates of thin metal, so arranged that 
at no point did they approach nearer than 1'/; cm. to the cemented junc- 
tions of the glass pieces forming the trough. When the troughs were 
placed side by side, two of these plates were of course in contact, the other 
being connected to the inductance of the oscillating circuit. The cells 
were then filled with appropriate liquids, the circuit tuned, and the rise 
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in temperature of the two liquids measured after a given period of irradia- 
tion. This served to give a comparison between the dielectric loss in 
the two liquids, and from a series of such comparisons the relation between 
the dielectric loss and any other property of the solution might be studied. 
It was of course necessary to employ equal volumes of liquids in the com- 
parisons, and also to begin irradiation with the liquids at a standard tem- 
perature, since the temperature coefficient was in many cases great. This 
arrangement, while it left much to be desired, was the most satisfactory 
obtainable, since any thermal insulation must be excluded as it suffers 
dielectric loss at these frequencies on its own account. The results ob- 
tained were reproducible to about 5%. 


Meters 1.32.0 6.1140 35.6 
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Change of power loss maximum in potassium chloride solutions 
at various wave-lengths. The dotted peak is not drawn from ex- 
perimental results, but represents the estimated position of the 
maximum at 453 meters. The region AB in figure 3 corresponds 
to that between the points A and B on this dotted peak. 


Measurements.—The results of measurements have been presented 
graphically as far as possible. Figures 1 and 2, for instance, demonstrate 
that, in salts of very different ionizing properties, relation (4) holds reason- 


ably well over a considerable range. Relation (4) is of the type y = ees 


and therefore produces a bell-shaped symmetrical curve when y = log x 
(in this case percent heating = log specific conductivity) is plotted. Un- 
fortunately, conductivity data at great dilutions are not obtainable for 
the last two salts, and for this reason the most dilute points in both, 
which seem to diverge from the general relationship, have been marked 
with a ‘‘?” to indicate that they have been obtained by a questionable 
extrapolation. The concentration range represented is sodium chloride 
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0.5-0.0005 M, lead acetate 0.816-0.026 M and mercuric chloride 0.079- 
0.0016 M. Only three salts have been here reported, since these three 
are extremely divergent in properties. The applicability of relation (4) 
was similarly verified with many more regular salts, acids and bases, 
at several frequencies. 

Figure 3 demonstrates that the relation (4) is equally applicable to 
disperse systems, and even to heterogeneous systems where the solid 
phase is finely divided. Although this result was to be expected it was 
thought wise to verify it in view of its application to biological fluids. 
Long wave-lengths were used in order to produce a maximum power loss 
in the dilute region where the effect of colloidal substances should be most 
manifest. With the exception of the hydrocarbon-water emulsion, which 
lies slightly off the predicted value, all deviations are within experimental 
error. 

Figure 4 shows the shift of the maximum toward concentration with 
increasing frequency. It is not to be expected that these results will fall 
in any very definite configuration with respect to frequency, since the 


position of the maximum where as = 0 will be given by 


wer =e 2 (OS) 6 


and the value of C will be altered with each change of frequency of the 
oscillating circuit. 

That the dielectric loss is also connected with the viscosity of the solu- 
tion, a quantity which does not appear in expression (1) except insofar 
as it affects e and hence C at high frequencies, is demonstrated by Table 1. 


TABLE 1 
Heatinc (oF 22 Cc. pER Unit Time) at 36.5 METERS OF SUGAR AND GLYCERINE 
So.tutions ContTarninc 0.0158 M Soprum CHLORIDE 
SUGAR SOLUTIONS GLYCERINE SOLUTIONS 

% water . 33.4 63.3 81.9 91.6 96.1 
Viscosity < 100 ‘ : 1.60. .1.01 16:76. 3:71 1248 1.36. 1.01 
Log «x : .852 3.079 3.213 4.270 4.867 3.070 3.163 3.213 
Heating obs., °C. % : 4.9 3.6 10.0. 6:2. £6; 84.388 
Heating calcd. 

from NaCl, °C. oi - 42 3:8... 3d 3.4 4.2 B88 -34 3.6 


The change in dielectric constant of the most concentrated of these 
solutions may account in part for their deviations. ‘That an increase in 
heating should be the consequence of a rise in viscosity is, however, to 
be expected in view of the probable mechanism of the dielectric loss, but 
the relationship between the two is not a simple one, and will not further 
be treated in this communication. 








VoL. 15, 1929 CHEMISTRY: O. K. RICE 593 


One further test of this relationship is possible since, on introduction 





of the relation « = i into equation (5), it reduces to 
«tee 
hd 2 oa 
With sodium iodide in water and in methyl alcohol at 6.12 meters, the 
maximum power loss occurred when yYy,oiNar = 2.24 X 10° and 


YMeoH+Nar = 1.19 X 10°. Disregarding the capacity term as a second 
order effect and pertorming the indicated calculation it results that 
€H,0/€meoH = 1.9, the true ratio being 2.3. This, in view of the dis- 
turbing factors discussed above, may be considered a mildly successful 
corroboration. 

Summary.—An expression is presented connecting power loss in a 
liquid dielectric with its conductivity, dielectric constant, and the fre- 
quency of the field to which it is subjected. This has been tested and 
verified over a considerable range of frequencies and conductivities. Its 
application to physiological behavior in high frequency fields is suggested. 

1 J. W. Schereschewski, U. S. Pub. Health Repts., 41, 1939 (1926); Ibid., 43, 927 
(1928). 

: . V. Christie and A. L. Loomis, J. Exp. Med., 49, 303 (1929). 

’ Helen R. Hosmer, Science, 68, 325 (1928). 

4 Kahler, Chalkley and Vaegtlin, U. S. Pub. Health Repts., 44, 339 (1929). 

5G. W. Pierce, private communication. 

6H. g., Die Theorien der Radiologie, VI, p. 647. 

7R. W. Wood and A. L. Loomis, Phil. Mag., vii, 4, 417 (1927). 


THE TEMPERATURE COEFFICIENT OF RADIOACTIVE 
DISINTEGRATION 


By Oscar KNEFLER Rice! 
Gatrs CHEMICAL LABORATORY, CALIFORNIA INSTITUTE OF TECHNOLOGY 


Communicated June-10, 1929 


One of the most remarkable features of radioactive changes is the fact 
that they have extremely low-temperature coefficients, it being impossible 
to influence the half-life of a radioactive substance by changing the tem- 
perature over any range at our command. It is the purpose of this note 
to show that this is exactly what is to be expected from the known sizes 
of atomic nuclei, on the basis of the new quantum mechanical explanation 
of radioactivity.” 

According to this explanation the alpha particle in the nucleus which is 
to decompose is in some ‘“‘discrete” state in the nucleus, but can leak out 
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over a potential energy hump and appear in a continuous state outside 
the nucleus.* Now if there is to be no temperature coefficient to such a 
process the alpha particle must always be in its lowest discrete state when 
in the nucleus. If we can now calculate the probability that it should be 
in the next higher state at some high temperature, say 5000°, and if this 
probability can be shown to be negligible even at such a temperature, 
it will follow from the theory that a radioactive process should have no 
appreciable temperature coefficient. The ratio of the probability that 
it will be in the second quantum state to the probability that it will be in 
the first is given by the Boltzmann expression, exp(—E/kT), where E 
is the difference of energy of the two states, k is Boltzmann’s constant, and 
T the absolute temperature. We now proceed to find the order of magni- 
tude of E. 

For our purposes we may assume that the alpha particle executes 
harmonic vibrations within the nucleus;‘ let their frequency be v. Then 
the potential energy U of the alpha particle is given in terms of », its mass 
m, and its displacement x from the position of equilibrium by the well- 
known equation U = 2mr*v*x?. At the extremity of the oscillation, when 
all the energy is potential, U becomes just the energy of the first quantum 
state, which is hy/2, and accordingly we have hv/2 = 2mx*v*x?, where x; 
is the extreme displacement for the first quantum state. We thus find 
v = h/4x*mx}. Assigning to x, the value 10-!* cm., which is of the order 
of the size of the nucleus (probably an upper limit for x:) we find that v 
is about 2.5 X 10” reciprocal seconds. We multiply this by / in order to 
get E, and find that E is about 1.6 X 10-7 ergs. Putting this in the 
Boltzmann expression we find that the relative probability of an alpha 
particle being in the second quantum state is exp(—2 x 105) at 5000°C., 
abs. It appears impossible that the rate of escape over the potential 
hump should be sufficiently increased by exciting the alpha particle to the 
higher level to make up for the extraordinarily small probability of its 
being in this level. 

It may be well, however, to examine the latter point in a little more detail. 
Since on the average an alpha particle in any level must make at least an 
appreciable fraction of one oscillation before decomposing, the total rate 
of decomposition from an excited state cannot exceed the order of magni- 
tude of the product of the fraction of the alpha particles in that state and 
the frequency. This product, from the figures of the above paragraph, 
will be of the order of 10° x exp(—2 X 10°) per atom per second at 5000°. 
The actual rate of emission of alpha particles in the case of uranium, which 
decomposes very slowly, is about 3 X 10~'* per atom per second. This 
is normal decomposition, presumably from the ground level, of course; 
compared to the figure obtained for the first excited level, it is an enormous 
quantity. Furthermore, we may rest assured that the total rate of emis- 
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sion from all of the excited states combined is negligible, for the sum of the 
separate rates will converge very rapidly, due to the effect of the energy 
in the exponential. 

Regarding the possibility of excitation to a higher rotational state, 
we may note that if we put the moment of inertia equal to mx{ where 
x1 is given the same value as before, and m is set equal to the mass of an 
alpha particle, the energy of the first excited rotational state will also 
turn out to be just 1.6 X 10~’ ergs; and even if we put m equal to the mass 
of the nucleus the probability of the first excited state will pe extremely 
small, while the rate of emission will not be expected to be as effectively 
increased by rotational excitation as by vibrational excitation. A single 
level has thus been proved to be responsible for an ordinary radioactive de- 
composition up to temperatures of 5000° or higher, hence the process 
will have no appreciable coefficient over the range from 0 to 5000° or higher. 

There is, however, one more point we must consider. The ‘“‘discrete’’ 
levels in the nucleus are broadened out due to the fact that they are 
connected to a continuum outside the nucleus, so that actually an alpha 
particle in a given “‘state’’ within the nucleus can have a range of energies.* 
Now the probability of having a definite energy in this range will depend 
on the temperature, while the rate of emission will depend markedly on 
how near the energy is to the center of the broadened ‘‘discrete”’ level. 
But we may feel sure that the ‘‘discrete’’ level is really very sharp, and that 
we can neglect the broadening; for even in the case of RaC’, which has a 
very short life period, the alpha particle, according to Gurney and Condon, 
makes on the average about (more than) e*° vibrations before crossing the 
potential energy hump.°® 

We have considered only alpha particle disintegrations, but it seems prob- 
able that similar reasoning will apply in the case of beta-particle disinte- 
grations, especially as the mass of a beta particle is much smaller than that 
of an alpha particle. 

1 NATIONAL RESEARCH FELLOW. 

2? Gamow, Zeits. Physik, 51, 204 (1928); Gurney and Condon, Phys. Rev., 33, 127 
(1929). Later articles by various writers in Zeitz. Physik contain refinements to the 
theory. We assume it essentially complete without fine structure considerations. 

3 Gurney and Condon, loc. cit., p. 132. 

4 The exact nature of this assumption is unimportant; the really ‘eaiaehdaes thing is 


simply that the forces should be strong enough to hold the nucleus together. 
5 See figure 7 and accompanying discussion in Gurney and Condon’s article. 
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SOME STUDIES ON HOMOGENEOUS CATALYSIS* 
By NicHo.as A. MILAS 


RESEARCH LABORATORY OF ORGANIC CHEMISTRY, MASSACHUSETTS INSTITUTE OF 
TECHNOLOGY 


Communicated June 6, 1929 


During a recent discussion on Homogeneous Catalysis held under the 
auspices of the Faraday Society,! a general conclusion was drawn that the 
essential condition for a substance to be a negative catalyst for auto- 
oxidation reactions is that it should be either “a good reducing agent” 
or “easily oxidizable.’ Furthermore, Dhar,? Moureu and Dufraisse,® 
and more recently Bickstrém‘ have pointed out the existence of some re- 
lationship between the inhibitory power of a negative catalyst and its 
oxidizability. 

Quite recently, however, the author® has arrived at the conclusion that 
although this condition may be essential, in some cases, it is not absolutely 
necessary in every case. On the contrary, in some cases to be presently 
reported, p-quinones which are far from being easily oxidized show a strong 
inhibitory action on the auto-oxidation of anethol. Furthermore, when 
anthraquinone is used as the negative catalyst, it can be recovered quan- 
titatively at the end of the reaction, a fact which is at variance with the 
views mentioned above. 

The oxygen absorption rates were measured in an apparatus essentially 
the same as that used previously by the author. The temperature at 
which the measurements were carried out was 110° + 0.1° and the reaction 
mixtures were stirred at the rate of 1200 +15r. p.m. 

Anethol like styrene is extremely sensitive to light and atmospheric 
oxygen, and several preliminary experiments with the .product furnished 
by the Eastman Kodak Company, without any further purification, 
yielded very irregular results. The detailed method for the purification 
and storage of anethol as well as of other similar substances which are now 
being studied will be described elsewhere. It only suffices to state here 
that the technique finally developed gave very satisfactory results, and 
measurements made from the same preparation at an interval of three 
months gave consistent results to within 2%. After several preliminary 
purifications, anethol was finally fractionated under diminished pressure 
in a stream of dry, oxygen free No. The fraction boiling at 79.5-80.5° 
(2 mm.) was collected in a brown bottle and kept under pure No. The 
final distillation was carried out in a dark room using only a small red light 
to watch the thermometer. 

Experiments with Anthraquinone.—The anthraquinone used was Kahl- 
baum’s purest grade and was used without further purification. Since 
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anthraquinone is not very soluble in cold but quite soluble in hot anethol, 
it was first added to the apparatus which was then tested for leaks, etc. 
The anethol was then added with all due precautions by means of a special 
pipette calibrated to deliver 19.851 g. of anethol. With the exception 
of experiment 4 with benzoquinone, all experiments to be described in 
this paper have been run for 20 hours each. 

Two methods have been used for the quantitative recovery of anthra- 
quinone: the concentrated sulfuric acid method, and the Zn-dust-KOH 
method. The former method was principally used while the latter was 
used in certain cases primarily as a check. The recovered anthraquinone 
in these experiments had a m. p. of 283-284°. Table 1 gives the results of 
three experiments with three different concentrations of anthraquinone. 

Table 2 shows the effect of anthraquinone on the maximum oxygen 
absorption rate (V,,) of anethol. This effect can be shown more clearly 
in figure 1 in which the V has been plotted against time. All the values 
of V have been calculated to N. T. P. 


TABLE 1 
A CoMPARISON OF THE AMOUNT OF ANTHRAQUINONE TAKEN TO THE AMOUNT RECOVERED 
EXPERIMENTS I II III 
Anthraquinone taken in moles 0.01341 0.00268 0.000268 
Anthraquinone taken in grams 2.7900 0.5580 0.0558 


Anthraquinone recovered in moles 0.01313 0.00264 0.000211 


Anthraquinone recovered in grams 2.7300 0.5487 0.0406 
0.0469* 


* Zn-dust-KOH method. 


TABLE 2 
EFFECT OF ANTHRAQUINONE ON THE MAXIMUM OXYGEN ABSORPTION RATE OF ANETHOL 
EXPERIMENTS I II Ill IV 

Conc. of anthraquinone in moles 0 0.000268 0.00268 0.01341 
Ratio of anthraquinone/anethol 0 1:500 1:50 1:10 
Maximum O, absorption rate in 

cc. /mole/hr. 14191 10980 8360 6038 
Time necessary for V to reach the value 

Vm in min. 16 23 60 90 


In a previous article,* the author has briefly pointed out the importance of 
the maximum oxygen absorption rate. Subsequent work has shown that 
its value is one of the most significant properties in all auto-oxidation 
measurements. Its importance has been overlooked by previous investi- 
gators. Its position with respect to the two axes seems to determine the 
purity of the substance to be oxidized. If several experiments are carried 
out under similar conditions, this maximum remains, within experimental 
error, always the same with the same substance, and it is very characteristic 
with each individual substance. If one now adds a small quantity of 
a foreign substance, the position of this maximum is changed and there 
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seems to exist a definite relationship between its new position and the 
concentration of the foreign substance added. However, table 2 shows 
that the position of this maximum depends upon three variables, V», 
the concentration of the inhibitor C and the time ¢ necessary for the 
oxygen absorption rate to reach the value V,,. These three variables 
seem to be quantitatively related by the following empirical expression 


1/2 
Vat a 


or 


TABLE 3 
RELATIONSHIP BETWEEN MAXIMuM O, ABSORPTION RATE, CONCENTRATION OF ANTHRA- 
QUINONE AND TIME NECESSARY FOR THE RATE TO REACH Maximum 

Van Cc t V mC1/2 

EXPTS. (LITERS/MOLE/HR.) (MOLES/MOLE ANETHOL) (IN MIN.) t 
I 10.980 0.001998 23 0.02134 
II 8.360 0.019980 60 0.01970 
III 6.038 0.099983 90 0.02121 
Mean = 0.02075 


ORR 


The last column of table 3 shows the values of k as calculated by the 
above expression from the 
values of V,,, C and ¢ given 
in the same table. It is very 
probable, therefore, that k ex- 
presses the specific inhibitory 
power of anthraquinone in the 
reactions studied. Further- 
more, anthraquinone seems 
to behave as a true negative 
catalyst. Since anthraqui- 
none is not destroyed during 
the oxidation of anethol, how 
can its effect be explained in 
the light of the recently pro- 
posed chain mechanism of 
negative catalysis?® It is 
well known that quinones are 
highly reactive substances 
and are found to combine 

<> ee with several other organic 

2 rin re of ae ena es tale substances to form unstable 

TES ARS 5 ies and frequently stable com- 
plexes.’ In other words, 

they possess molecular valence electrons which are capable of undergoing 

various transformations in presence of activated molecules. It is, therefore, 


Cuygen Absorption Mate ( in cc. per hour per mele) 


FIGURE 1 
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quite conceivable that anthraquinone combines with some of the activated 
anethol molecules, thereby increasing the time necessary for the rate to 
reach a maximum value, also causing a diminution in the value of V,, in 
accordance with our equation. Furthermore, it is quite possible that 
such a complex formation may lead to the breaking of reaction chains as 
recently discussed by Backstrém.* If this were actually the case, then a 
more active quinone like benzoquinone should have a far greater inhibitory 
action on the oxidation of anethol than anthraquinone. This was found 
actually to be the case, as the results indicate below. 

Experiments with Benzoquinone.—Benzoquinone was prepared by the 
oxidation of pure hydroquinone with chromic acid. It was recrystallized 
twice from benzene and finally sublimed. Only the purest crystals of the 
sublimed quinone were used for the reactions studied. Since benzoquinone 
was found to sublime very considerably at 110°, it was necessary to dissolve 
it first in anethol (this was done in a special apparatus filled with pure 
Ne), then the mixture added to the main apparatus. Benzoquinone was 
found to react readily with anethol yielding a deep red solution which 
on heating at 110°, in the absence of oxygen, deposited slowly small quan- 
tities of a deep brown amorphous solid, the structure and properties of 


TABLE 4 
EFFECT OF BENZOQUINONE ON THE MAXIMUM OXYGEN ABSORPTION RATE OF ANETHOL 
EXPERIMENTS I II Ill IV 
Concentration of benzoquinone in moles 0 0.0002682 0.00067 0.001372 
Ratio of benzoquinone/anethol 0 1:500 1:200 1:100 
Maximum O, absorption rate incc./mole/hr. 14191 10980 9624 9822 
Time in minutes 16 123 169 287 


TABLE 5 
RELATIONSHIP BETWEEN MaxiImMuM O; ABSORPTION RATE, CONCENTRATION OF BENZO- 
QUINONE AND TIME NECESSARY FOR THE RATE TO REACH MAXIMUM 


c Vutt 
Vn (MOLES/MOLE t mC!/2 ae 
EXPTS. (LITERS/MOLE/HR.) ANETHOL) (IN MIN.) t 


I 10.682 0.001998 123 0.003881 
II 9.624 0.004998 169 0.004029 
III 9.822 0.009997 287 0.003421 

Mean = 0.003777 


which are now being examined. This product is also formed even when 
Oz is passed through the mixture. Therefore, one is led to believe: that the 
deep red complex originally formed between the quinone and the active 
molécules of anethol rearranges slowly into the amorphous substance, 
hence it is impossible to recover benzoquinone in its original form. .How- 
ever, the oxygen absorption measurements made with three different 
concentrations of benzoquinone lead to a quantitative me geninesnes identical 
with that derived for anthraquinone. 

. The results as tabulated above and the curves shown in figure 2: show 
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clearly that benzoquinone is a stronger inhibitor than anthraquinone, and 
the relative inhibitory power for the same concentrations of the two qui- 
nones may be quantitatively determined by the ratio of their inhibitory 
constants. The reason for the square root of the concentration of the 
inhibitor may be due to the formation of the complex between one molecule 
of the quinone to two molecules of anethol. This tentative assumption 
is in agreement with the work of Bennett and Willis,’ and of Kurt Meyer® 
who found the molecular ratio 
of quinone inquinone com- 
plexes as 1 to 2 of the other 
constituent. 

It may be pointed out here 
that the relationship expressed 
by our equation fails with con- 
centrations of benzoquinone 
higher than 1 mole of the quin- 
one to 100 moles of anethol. 
This is clearly shown by curve 
E of figure 2 which represents 
experiment 4 with a concen- 
tration of benzoquinone of 1 
to 50. This experiment was 


Cuyqen Abentytion Mate { tn ce, per hour por mele} 


repeated three times with iden- 
tical results each time. Dur- 


ing the last experiment, oxygen 
absorption measurements were 
made continuously for 26 hours 
but failed to show a maximum 
as in the other cases. At the 
end of this period, the reaction 
mixture had a strong odor of anethol and yielded only minute traces of 
anisic acid and no anisaldehyde. Therefore, the apparent paralysis of the 
oxidation of anethol, at this concentration of quinone, is presumably 
due to the complete removal of most of its active molecules by the quinone 
to form the complex. 

Summary.—1\. Several quantitative experiments are given to show that 
anthraquinone acts as a true negative catalyst in the oxidation of anethol. 
The results seem to be at variance with the current views regarding the 
fate of the negative catalyst in auto-oxidation reactions. 

2. An equation has been derived showing-a simple quantitative re- 
lationship between the maximum oxygen absorption rate, the concentra- 
tion of the catalyst and the time necessary for the oxidation rate to attain 
a maximum value. This equation holds for measurements made with 


FIGURE 2 
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anthraquinone and benzoquinone as the catalysts in the oxidation of ane- 
thol. 

3. The importance of the maximum oxygen absorption rate has been 
emphasized as one of the most characteristic properties in all auto-oxidation 
phenomena. : 

* CONTRIBUTION FROM THE RESEARCH LABORATORY OF ORGANIC CHEMISTRY, Massa- 
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UNIMOLECULAR REACTIONS 
By Louis S. KassE.L* 


GaTEs CHEMICAL LABORATORY, CALIFORNIA INSTITUTE OF TECHNOLOGY, No. 224 


Communicated May 27, 1929 


Bourgin! has recently attempted to apply the new quantum mechanics 
to the problem of unimolecular reaction rates. There are some features 
of his work which are perhaps less satisfactory from the chemical stand- 
point than might be desired, and it is intended to examine these in more 
detail. 

Bourgin assumes that the bond whose dissociation initiates the reaction 
has a potential energy function qualitatively similar to that of an alpha 
particle in a radioactive nucleus; that is, on one side there is a trough, A, 
whose shape is that of a deformed parabola; on the other is a relatively 
flat region, B, and between A and P there is a hump, that is, a maximum 
in the potential energy curve. Now on the quantum mechanics a-system 
in the region A may leak through the hump into the region B provided 
it has as much energy as the new state will require; this is the change 
which the experimentalist will recognize as dissociation. Unlike the older 
theories, the quantum mechanics does not require the system to have as 
much energy as corresponds to the top of the hump. This mechanism 
gives the time-lag between activation and reaction which is necessary in 
any collisional activation theory of unimolecular reactions. Bourgin 
apparently assumes that-the only effect of the other degrees of freedom 
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of the molecule, or at least the only important effect, will be to produce a 
potential energy curve of the required shape. He says, “...only the 
more complicated molecules, where extraordinary couplings may be ex- 
pected, can exhibit the phenomenon of unimolecular reaction.” 

Now the great difficulty in accounting for the rates of unimolecular 
reactions has been to get great enough rates of activation; the rate of 
activation by collision is ordinarily calculated in accordance with the 
principle of microscopic reversibility by taking the product of the con- 
centration of the activated molecules required by the Maxwell-Boltzmann 
distribution law and the number of times per second a molecule transfers 
internal energy to another molecule by collision. ‘There are serious ob- 
jections to assuming a value for this second factor which exceeds too 
greatly the number of collisions given by ordinary kinetic theory. The 
concentration of activated molecules was formerly taken as that given 
by the Maxwell-Boltzmann distribution law for systems with two squared 
terms in their energy function—for example, harmonic oscillators. The 
rates of activation calculated in this way were too small, the discrepancies 
being of the order of 10°, even at moderate pressures.2 By assuming on 
the other hand that activated molecules need only have sufficient internal 
energy, which may be distributed in any way among their various modes 
of vibration, a greatly increased concentration of activated molecules is 
obtained, and theories constructed on this basis have met with consider- 
able success; it is only in connection with the decomposition of nitrogen 
pentoxide at pressures well below 0.5 mm. that there is any serious dis- 
crepancy between theory and experiment, and at the present time there 
is still considerable uncertainty as to the actual behavior of the reaction 
in this pressure region. 

Bourgin proposes to return to the older idea that an activated molecule 
is one in which some particular bond has energy greater than a critical 
value, and suggests that by assigning to this bond the type of potential 
energy curve described above, it may be possible to get a sufficient increase 
in the Maxwell-Boltzmann quota of activated molecules over that for 
harmonic oscillators to account for the experimental results. The present 
author has investigated somewhat the effect on the distribution law of 
making the oscidators anharmonic, and giving them a finite energy of 
dissociation, without having any hump in the potential energy curve; 
the calculations involved the use of semi-convergent series, and were 
never brought into a form suitable for publication; there is very little 
doubt, however, that the effect on the distribution law was not great 
enough to be of any importance for these purposes. It is quite probable 
that a similar result will be found in Bourgin’s case; it seems altogether 
unlikely than any factors of the order of 10‘ can be generated by a mere 
distortion of the potential energy curve. 
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There is also a further objection to Bourgin’s treatment, more of a 
qualitative character. It may be granted that in complex molecules the 
potential energy curve will be deformed more than in simple ones, through 
there does not seem to be any obvious reason why it should have the par- 
ticular shape Bourgin postulates. But in any case one should expect that 
the relevant potential energy curves for the substances azomethane and 
azo-isopropane would be quite similar, and hence, if there is no other 
effect of the molecular complexity, nearly the same results should be 
obtained in the decomposition of these two substances. Actually, Rams- 
perger® has found that the first order rate is maintained in the decomposi- 
tion of the azo-isopropane at pressures where the rate constant for azo- 
methane has decreased several-fold. In the type of theory used by 
Rice and Ramsperger, and the author, this difference finds a natural 
explanation in the greater number of degrees of freedom in the more com- 
plex molecule of azo-isopropane. 

What seems to the author a more natural method of introducing the 
quantum mechanics into the problem is to retain the idea that the time-lag 
between activation and reaction is due to a necessity for the energy to 
get into the right place in the molecule, and to improve upon the calcu- 
lation of the rate at which this change can take place. Some time ago, 
when it was first attempted to give a treatment of unimolecular reactions 
based on the old quantum theory, it was found necessary to include in 
the molecular model only oscillators of commensurable frequencies since 
otherwise energy exchanges could not occur.’ It was pointed out that 
such a model could not be correct, but the explanation was not evident 
at that time. It now seems likely that the process of dissociation is a 
radiationless quantum jump from a level in the discrete spectrum of the 
molecule to a level in the continuous spectrum; the two spectra overlap, 
and the two levels involved have the same energy. ‘The difficulties in- 
volved in any actual calculation on this basis are, of course, very great. 

* NATIONAL RESEARCH FELLOW IN CHEMISTRY. 
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(1928); O. K. Rice, Proc. Nat. Acad. Sci., 14, 114, 118 (1928); L. S. Kassel, J. Phys. 
Chem., 32, 225, 1065 (1928). 
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THE ROCK SUITES OF THE PACIFIC AND THE ATLANTIC 
BASINS 


By Henry S. WASHINGTON 
GkopHYSICAL LABORATORY, CARNEGIE INSTITUTION OF WASHINGTON 


Read before the Academy April 23, 1929 


Petrographic provinces of igneous rocks, regions the rocks of which 
show certain similar characters, indicating a common origin, are exemplified 
on the largest scale by the continental masses and the floors of the ocean 
basins. The continental rocks accessible to our study are granitic as a 
whole but each continent shows some slight differences from the others. 
There are also local variations due to the existence of petrographic prov- 
inces of lesser extent within each continent. 

The lavas and other igneous products of the volcanic oceanic islands, 
which must be assumed to represent the material below, furnish the only 
direct evidence as to the rocks that form the ocean-floors. We know, 
thus, that the floors of all the ocean-basins are made up largely of basaltic 
material, of various kinds. ‘This is also indicated by the distribution of the 
force of gravity, which points to the presence of heavy rock, such as is 
basalt, below the oceans, in contrast with the lighter rocks that make up 
the continents. 

Most of the truly oceanic islands of the Pacific, which may be called 
“‘Intra-Pacific,”” are volcanic, and during the last ten years or so our 
knowledge of the lavas of these has been greatly increased. Many more 
islands and groups have been studied petrographically in detail and many 
more chemical analyses of the lavas have been made. For instance, 
whereas in 1920 there were only 46 good analyses of the lavas of the 
Hawaiian Islands, now 112 are available; in 1920 there was not a single 
analysis of the lavas of the Marquesas Islands, now we have 31. Much 
the same might be said of many other islands and island groups. 

The lavas of the Intra-Pacific volcanoes are predominantly basaltic, 
but with certain peculiarities that recent studies serve constantly to 
emphasize. Many of the basalts contain a great deal of olivine, in large 
crystals. They are so different from ordinary basalts that a special 
name—‘‘oceanite’’—has been given to these rocks. Again, the list is 
constantly growing of occurrences of alkaline lavas (trachytes, etc.) along 
with the alkali-poor and lime-rich basalts. It is now evident that this 
joint association of small amounts of trachyte and other alkaline lavas 
with the basalts is one of the prominent and wide-spread features of the 
Pacific volcanic islands, although it was only hinted at some ten years ago. 
The basalts greatly preponderate in quantity, to such an extent that the 
alkaline lavas constitute in general not more than one or two per cent of the 
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Pacific rocks. But the very constancy and uniformity of their presence 
throughout practically the whole basin is one of its striking characteristics 
and has some interesting theoretical bearings. 

The Pacific basin is bordered or framed by a succession of folded moun- 
tain chains and island ‘‘festoons’’ that were formed by tangential pressure, 
and thus indicate, as was pointed out by Suess long ago, that the region is 
in an unstable condition. On these borders there extends around the 
whole basin a long line of recent volcanoes, many of them now active, 
the so-called ‘‘Circle of Fire.” The igneous rocks of this Circum-Pacific 
zone are very different from those of the Intra-Pacific islands. They are 
much higher in silica, are not so predominantly basaltic, and there are 
many andesites, that are more calcic than trachytes but not so much so as 
basalts. Also, the whole Circum-Pacific zone is notable for the great 
rarity of alkaline, trachytic lavas, which are such a constant feature of the 
Intra-Pacific islands. 

The characters of the Atlantic basin are petrographically more complex 
than those of the Pacific, and three different regions may be distinguished. 

One striking feature distinguishes the Atlantic from all the other oceans. 
This is the.so-called ‘‘Mid-Atlantic Ridge’’—a long, narrow, submarine 
mountain range. This ridge extends from near Iceland in the north, 
almost uninterruptedly, to about 57° south latitude. It runs about 
midway down the ocean, roughly parallel to the coast-lines east and west. 
The origin of this very prominent feature is uncertain and is much dis- 
puted. 

Along this Mid-Atlantic Ridge is a series of volcanic islands, including the 
Azores, Ascension, St. Helena, Tristan da Cunha and others. The lavas 
of these Ridge-islands resemble those of the Intra-Pacific islands in that 
they are predominantly basaltic, with a small percentage of trachytes and 
other alkaline rocks. The relative amount of these last appears to be 
somewhat greater than in the western ocean. Also, the basalts very 
rich in olivine—the oceanites—are much less abundant in the Atlantic. 

There are also several large volcanic island-groups (Madeira, and the 
Canary and Cape Verde Islands) that lie on the western continental shelf 
of Africa. The lavas of these shelf-islands are preponderantly basaltic, 
with alkaline lavas (mostly rather sodic) much more abundant relatively to 
the basalts than on the Ridge-islands or in the Pacific. 

On the whole, the rocks of the main portion of the Atlantic basin are de- 
cidedly more alkaline, and especially more sodic, than those of the Pacific. 

Finally, in the northern part of the Atlantic basin are several islands 
composed of volcanic lavas (Iceland, Jan Mayen, the Faroes, etc.) that 
differ widely from those of the two groups just described. These Arctic 
islands are remnants of the great basaltic plateau that filled much of this 
part of the Atlantic basin in Tertiary time, most of which later sank 
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beneath the sea. It may thus be said that they do not belong to the At- 
lantic basin proper. The rocks of these Arctic islands are almost ex- 
clusively basalts, with few oceanites, while trachytes and other such 
alkaline rocks are almost or quite unrepresented. Furthermore, these 
northern basalts differ chemically (in higher iron content and otherwise) 
from the basalts of the other Atlantic islands and those of the Pacific. 

The coasts and borders of the Atlantic basin differ from those of the 
Pacific in that those of the Atlantic have been formed mostly by movements 
of subsidence, with faulting and block-sinking, rather than by tangential 
stresses. Along and near the Atlantic border, also, there are many areas 
and minor provinces of alkaline rocks of many different kinds, in contrast 
with the Pacific borders. 

The generally more alkaline character of the Atlantic rocks in contrast 
with the more calcic character of those of the Pacific was recognized by 
Harker in 1896, and later by Becke and others. They suggested that the 
difference was connected with the difference in the kind of coast-line and 
of the crustal movements that distinguished the two ocean basins. Harker 
therefore proposed the names of “Atlantic” and “Pacific” to indicate the 
two main branches or, better, suites, to which, in general, igneous rocks 
might be referred. This suggestion (also made by Becke) has been 
widely adopted and nowadays “‘Atlantic’’ is often used as synonymous 
with ‘‘alkaline,’”’ and ‘‘Pacific’’ with ‘‘alkali-calcic” or ‘‘subalkaline.”’ 

But many regions that are notably of ‘‘alkaline’’ rocks are not regions of 
subsidence, and conversely many regions of subsidence are of the “‘Pacific”’ 
suite or, at least, not dominantly of alkaline rocks. Furthermore, rocks 
belonging to both suites occur together in many regions, and the objection 
has been made that the application of terms based on purely tectonic dis- 
tinctions to the nomenclature of strictly magmatic differences is unfor- 
tunate. For these reasons it would seem to be best to disregard these geo- 
gtaphic designations and to use the chemical terms, as Harker himself 
has done in one of his later papers. 

Harker and others account for the presence of the alkaline rocks in the 
essentially alkali-calcic Pacific by the supposed occurrence of both types of 
crustal movement, or by an “encroachment” from near-by alkaline re- 
gions. According to Daly these alkaline rocks are formed from the pre- 
dominant basaltic magma by differentiation, the concentration of alkalies 
being brought about largely by the absorption or assimilation of lime- 
stone—coralline in the Pacific. There are other theories as to the connec- 
tion between the alkaline and the alkali-calcic suites, but it is needless to 
deal with them here. 

But, whatever be the relations of the two suites of igneous rocks to the 
two types of crustal movement objection must be raised against the ex- 
pressed or tacit acceptance of them as the only two kinds of inagma suites, 
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This twofold division of all igneous rocks is based, in part at least, on 
the innate dualistic tendency of the human mind. But irrespective of 
this point, such reference of all rocks to only two suites does not meet the 
needs or the facts of petrology. ‘This is shown by the later propositions 
to recognize other such suites: the ‘‘Aretic’’.and the ‘‘spilitic’” for diverse 
basaltie suites, and the ‘“‘Mediterranean” for those high in potash rather 
than in soda. There seems to be no adequate reason not to recognize 
other suites as of equal importance; for instance, those. high in iron and 
magnesium, developed in the Ural Mountains and elsewhere, and so on. 

Also, all such suites, including the alkaline and the alkali-calcite, grade 
one into the other in many ways. Igneous rocks are so varied and 
their variations are in so many directions and of such different degrees that 
limitation to only two groups, even if these be among the most abundant 
and are strongly contrasted chemically, is scarcely justifiable. 

Finally, we may consider briefly the application of the doctrine of petro- 
graphic provinces, especially those on the largest scale, to our notions of the 
early stages of the Earth. 

There is, first, the existence of such first-magnitude regions of similar 
and cognate rocks as the continents and the ocean-basin floors, and their 
supposed existence from the earliest times. 

As we have seen, each of the ocean-basins differs markedly from the 
others in its average rock or in its igneous rocks as a whole. Much the 
same is true of the various continental masses, including the Pre-cambrian 
‘‘shields.”” Although these are all dominantly granitic and similar, yet 
they show severally distinct differences in chemical (that is, magmatic) 
composition. 

This differentiation into continents and ocean-basins, with the sub- 
ordinate but marked differences between the average rock of the several 
continents (including the shields) and of the several ocean-floors, is one of 
the outstanding features of the earth, although it has been comparatively 
little discussed. It is difficult to explain it on either the planetesimal 
theory of Chamberlin or on the tidal theory of Jeffreys. 

If we assume an original liquid globe, whatever may have been its origin, 
the-explanation of this early differentiation offers grave difficulties. Such 
an explanation may be found in the existence of a primitive, areal hetero- 
geneity of the uppermost or sub-surficial portions. The hypothesis -of 
some such areal heterogeneity would apply whether we hold to the per- 
manence of the continents and ocean-basins from the earliest period, or 
whether we believe, with Wegener and Daly, in a single huge continent 
that split into fragments which drifted apart. 

The question of control by difference in orogenic moveménts. or a ty 
relative stability, resulting in the differentiation into rock suites, is an- 
other matter. 
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That there is some sort of internal asymmetry of the earth is indicated 
by the hemispherical distribution of the continents and oceans, as has 
been recognized by many writers. It is also indicated by the distribution 
of the earth’s magnetic field, according to Bauer,' which may be repre- 
sented by a pear- or heart-shaped figure of rotation within it corresponding 
in general with the continental and ocean distribution. The general 
downward (radial) heterogeneity is now universally accepted. This may 
reasonably be attributed to gravitational control, as a progressive increase 
in the rock density is manifest in many ways. But the hypothesis of areal 
heterogeneity is a quite different problem. 

G. F. Becker in 1897? suggested that the upper portions of an originally 
liquid earth were areally heterogeneous. He adduced the difference in the 
petrographical distribution of igneous rocks, as well as that of metallic 
ores, in its favor. Recently Spurr has also urged,* in some detail, the 
occurrences of “metallographic provinces” in support of the hypothesis . 
of a heterogeneous earth. 

Several questions immediately arise. How did such large-scale areal 
differentiation originate in a liquid earth-globe, with its convection cur- 
rents and other movements? Were such areas connected with the sup- 
posed internal heterogeneity? Could such differentiation areas persist for 
sufficient time to become permanent through solidification? To what 
depth do these, to us surficial, differences extend? As Spurr says, the 
differences between the metallographic provinces seem to be not ultimately 
original, but acquired. To these and other such questions no satisfactory 
answers, or only highly speculative ones, seem to be possible at present. 

That some sort of areal heterogeneity may be persistent or semi-perma- 
nent in a very large, rotating fluid globe is indicated by certain features of 
the sun and of the planet Jupiter. The former of these is certainly gaseous 
throughout, and the latter, certainly its outer portions, is fluid, that is 
liquid or gaseous. 

On the sun the sun-spots (which are vortices) are confined almost en- 
tirely to two belts between 5° and 40° (mainly 10° and 30°) of north 
and south latitudes. Furthermore, individual sun-spots are persistent 
in location, not for long but sufficiently so so that the sun’s rotation period 
may be determined from them, in good agreement with that determined 
spectroscopically. Also, while the spots are generally distributed almost 
equally between the two hemispheres, yet ‘‘sometimes there is a marked 
difference which persists for years.”* One is reminded involuntarily of 
the land- and water-hemispheres of the earth. 

The red spot of Jupiter has been persistent or semi-permanent in loca- 
tion for about a century, so that it has served to determine the planet’s 
rotation period. For this reason it has been supposed to be connected with 
a solid interior nucleus, but recent observations of its drift about a mean 
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position makes it evident that it is ‘‘floating in a fluid medium, and not 
rooted to anything solid within the planet.’’® 

Whatever be the nature or origin of the spots on the gaseous sun or 
that on the fluid Jupiter, their persistence in location leads to belief in the 
possibilitv of persistence in location of areal heterogeneity on the liquid 
earth, for sufficiently long a time for the primary and secondary major 
differentiations to have taken place, the results of which became perma- 
nent through solidification. Such persistence would have been greatly 
facilitated by the high viscosity of the medium in the molten Earth. 


11, A. Bauer, Nature, 112, 297 (1923). 

2G. F. Becker, Am. J. Sci., 4 (3), 34 (1897). 

3 J. E. Spurr, The Ore Magmas, p. 446, 1923. 

* Russell, Dugan and Stewart, Astronomy, pp. 201-205, 1926. 
5 Russell, Dugan and Stewart, Jbid., p. 366, 1926. 


A METHOD FOR THE DETERMINATION OF THE ACTIVITY 
OF ANTIPOLIOM YELITIC SERUM 


By SIMON FLEXNER AND CORNELIUS P. RHOADS 


ROCKEFELLER INSTITUTE FOR MEDICAL RESEARCH 


Read before the Academy April 22, 1929 


Continued outbreaks of infantile paralysis (poliomyelitis) during the 
summer and autumn seasons in America and Europe keep this serious 
disease in the foreground of medical and public interest. The nature of 
the inciting microérganism and the usual mode of infection of the disease 
are known, and this knowledge has led to the employment of certain 
methods of communal control. 

The clinical course of the disease has been closely studied in recent 
years, so that its early diagnosis, often before pronounced injury has been 
inflicted on the central nervous organs, is now possible. Side by side 
with this more precise study of the manifestations of the disease in man 
has gone the progress of the more fundamental experimental disease 
produced by inoculation in monkeys. The latter disease, which so exactly 
reproduces the human malady, has indeed opened the latter to experiments 
in treatment and prevention which have now reached the stage of practical 
application in man. 

It is now established that when human beings and monkeys recover 
from attacks of poliomyelitis, they carry in their blood neutralizing sub- 
stances against the incitant, so-called virus, of poliomyelitis, which are 
effective not only when the serum derived from the blood is mixed with the 
virus in a test tube (im vitro), but also when the virus is first inoculated 
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into the monkey and the serum injected subsequently. The observations 
here summarized have led first to the serum treatment of early cases of 
poliomyelitis in man (Flexner and Lewis, Amoss and Chesney) and also 
to the preventive inoculation of persons exposed to the disease (Flexner 
and Stewart). 

Since there are still many problems relating to immunity in poliomyelitis 
awaiting solution, improvement in the manner of inducing the experi- 
mental disease in monkeys is an important matter. In the past the 
method of choice for inducing infection in monkeys was to introduce the 
virus directly into the forepart of the brain. This slight operation carried 
out under ether anesthesia produces no immediate effect, and unless the 
virus employed is active, no ultimate effect. The method possesses, 
however, an inherent defect, namely, that the operation cannot be carried 
out without gross injury to the brain structures themselves, which places 
the inoculated animal at an abnormal disadvantage in dealing with or 
combating the virus, compared with the general way in which in the human 
disease the reparative forces of the body are enabled to act. 

This defect works with particular disadvantage when the purpose is to 
study prevention by or treatment in monkeys with convalescent serum. 
Hence efforts have been made to secure a method which, while leading to 
consistent experimental infections, avoids the difficulty of tissue injury. 
The employment of the device of lumbar puncture for the injection of the 
virus suffers from the same general defect as that of intracerebral inocula- 
tion. When the puncture needle is introduced low down in the spinal cord 
region, injury is inflicted either on the nerves of the cauda equina or the 
tip of the cord itself. 

These essential drawbacks have been recently overcome by the per- 
fection of a technical method of injecting the virus into the membranes 
about the brain and spinal cord by way of the cisterna magna, at the 
junction of the skull and the upper vertebral column. When this mode of 
injection is used, no injury whatever is inflicted on the nervous structures, 
and when a virus is employed for injection which is active or virulent, in- 
fection of the monkeys regularly ensues. ‘The experimental disease which 
arises under these circumstances reproduces, indeed, even more accurately 
than after intracerebral inoculation, the human malady, since the paralysis 
tends to appear first rather in the lower than in the upper extremities. 
This result is in conformity with the observations made by Flexner and 
Amoss that when effective quantities of the virus are injected into the blood, 
its presence in the cerebrospinal fluid on the way to the nervous tissues can 
be determined by the withdrawal of fluid and its inoculation into other 
monkeys. 

‘The significance of the intracisternal method of inoculating the virus 
arises from the fact that it provides a superior means of testing the effi- 





611 BOTANY: R. H. LINDSAY 611 


ciency of immune poliomyelitic serum in the prevention and treatment of 
experimentally produced poliomyelitis in monkeys. The results being 
obtained and to be obtained will undoubtedly prove more accurately 
applicable to the human disease than any thus far secured. Moreover, 
it is believed that other theoretical problems relating to the immunity of 
poliomyelitis are brought more completely under investigative control 
than has up to now been the case. 


THE CHROMOSOMES OF SOME DIOECIOUS ANGIOSPERMS 


By Ruts H. LInpsay 
DEPARTMENT OF BOTANY, UNIVERSITY OF WISCONSIN 


Communicated June 10, 1929 


A study has been made of the chromosomes in the pollen mother cells 
of Bryonia dioica, Clematis virginiana, Smilax herbacea, Menispermum 
canadense and Lychnis alba. With the exception of the well-known case 
of Lychnis, no good evidence has been found of the existence of hetero- 
chromosomes that might be correlated with the usually dioecious condition 
of these plants. It is to be remembered that the finding of heterochromo- 
somes does not always indicate the existence of a sex-determining mech- 
anism. Miss Carothers' has found one to three heteromorphic pairs of 
homologous chromosomes, in addition to the sex chromosome, in both 
male and female individuals of an Orthopteran. In meiosis these hetero- 
morphic pairs segregate at random with respect to the sex chromosome and 
to each other and clearly have no relation to sex. Preparations made in 
this laboratory by Mr. D. C. Cooper of the pollen mother cells of Bugin- 
villaea spectalilis show an unequal pair of chromosomes in various stages 
of separation on the heterotypic spindle. Since this is a hermaphroditic 
species, the unequal distribution of chromosome material can have no 
conceivable connection with sex-differentiation. 

In Bryonia dioica, diakinesis and the early anaphases are the most 
favorable stages for observing the chromosomes. In diakinesis the 
chromosomes are always short and thick, and the two of a pair usually lie 
parallel. This parallel arrangement would cause any disparity in size 
or shape between the two to stand out clearly, but in no case observed is 
such an inequality visible. In the early anaphases it is clear that the 
chromosomes of each separating pair are alike in size and shape. A num- 
ber of counts at this stage make it certain that the reduced number is 10. 
Relatively few preparations showing the homeotypic division have been 
obtained, but nowhere, in such figures as are found, is there any indication 
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of an inequality in this division, either as to number or as to size of chromo- 
somes. ‘These observations agree with those of Strasburger? and Meur- 
man.* 

In Clematis virginiana the equality of the two chromosomes of each 
bivalent pair is clearly seen as they separate on the heterotypic spindle. 
The chromosomes are relatively large, and preparations of metaphase 
stages have been obtained in which all 8 pairs may be seen in side view. 
The stages of diakinesis are not so favorable for observing the relative 
sizes of the two members of each pair, since besides forming V’s and X’s 
they also twist about each other in various shapes. In many cases definite 
constrictions appear at exactly corresponding regions in the two members 
of a pair, probably indicating the point of fiber-attachment in the future 
atelomitic chromosomes. The heterogeneous structure of the chromo- 
somes is indicated by their uneven outline and by a double row of more 
darkly staining areas in the body of each chromosome. Because of their _ 
good fixation and relatively large chromosomes, the pollen mother cells of 
C. virginiana offer excellent material for the study of chromosome mor- 
phology. 

The divisions in the pollen mother cells of Smilax herbacea have already 
been described by two investigators. Miss Humphrey‘ reported 12 as 
the haploid number of chromosomes, and Miss Elkins’ reported 12 or 13, 
with no evidence of an unequal pair. The writer has come to the conclusion 
that 13 is the correct number, that count having been made in numerous 
polar views of the heterotypic metaphases and anaphases, and in polar 
views of homeotypic anaphases. Most of the chromosomes are atelomitic, 
but the exact number of such chromosomes has not been determined since 
in no case are all 13 chromosomes to be seen in profile view on one spindle. 
The bivalents in diakinesis offer no evidence on this point, since they are 
characteristically twisted and show no regular constrictions. One pair of 
chromosomes, usually found on the periphery of the spindle, is individual 
in its manner of separating. The point of fiber-attachment is near the end, 
so that, in separating, the two chromosomes present two relatively long 
free ends radiating out at right angles to the spindle, or appear as a thick 
V with the apex at right angles to the spindle. These chromosomes with 
their radiating ends are usually distinct in polar views of the metaphase 
group but appear to fall in line with the other chromosomes as they are 
drawn to the poles. Examination of at least two hundred metaphase 
groups, in each of which from 6 to 11 chromosome pairs could be seen in 
profile view on one spindle, makes it fairly certain that there is no visible 
difference between the chromosomes of any pair as they are separated 
on the heterotypic spindle. A less extensive examination of homeotypic 
spindle figures indicates that this division also results in an equal distribu- 
tion of chromosomes. It should be mentioned here that the separating 
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chromosomes of a pair sometimes give an impression of inequality, but 
careful examination always reveals the fact that this impression is due to 
the folding over of the free end of what is apparently the smaller member 
in the plane of observation, while the free end of the other member is seen 
in profile view. The similarity of these figures to some of the published 
figures of unequal chromosome pairs, where no evidence aside from a 
size difference on the heterotypic spindle is offered, leads one to suspect 
that further study of these forms might be valuable. In Smilax, when 
both members of a pair are seen in profile, there is never any question of a 
difference in size. 

The chromosomes of Menispermum canadense are small and fairly uni- 
form in size, and so compactly arranged on the spindle that only in a very 
thin section containing but one-half or less of the spindle can individual 
chromosome pairs be studied. ‘The chromosomes in polar views of both 
heterotypic and homeotypic metaphases are close together but very evenly 
spaced, and. in every case in which the individual chromosomes are dis- 
tinct the haploid number has been found to be 26. Early anaphase figures 
show as a rule a separation of equal chromosome pairs, although in 6 cases 
out of more than 200 such figures examined, there has been observed what 
might be interpreted as a group of three chromosomes, of which two are 
being drawn to one pole and one to the other pole. The relative infre- 
quency of these observations, together with the consistent count of 26, 
seems on the whole to justify no other present conclusion than that the 
normal procedure in both heterotypic and homeotypic divisions involves 
the separation of two equal chromosome groups. 

In Lychnis alba division figures have been found exactly similar to those 
published by Miss Blackburn® and others. The smaller member of the 
unequal pair is frequently folded over in the plane of observation as in the 
case of some of the chromosomes of Smilax herbacea referred to earlier, 
but in Lychnis both members of the pair may just as frequently be seen in 
profile view, in which case their size difference is unquestionable. 

The conclusion seems justified that in Bryonta dioica, Clematis virginiana, 
Smilax herbacea and probably in Menispermum canadense there is no mor- 
phological difference recognizable by any methods at present available 
between the two chromosomes of any pair in the pollen mother cells. 

! Carothers, E. E., J. Morph., 35, 457-474 (1921). 

2 Strasburger, E., Zeitpunkt der Bestimmung des Geschlechts, Apogamie, Partheno- 
genesis und Reduktionsteilung, Jena, 1909. 

3 Meurman, O., Soc. Scient. Fenn. Comm. Biol., 2, 1-104 (1925). 

4 Humphrey, L. E., Ohio Nat., 15, 357-367 (1914). 

5 Elkins, M. G., Bot. Gaz., 57, 32-52 (1914). 

6 Blackburn, K. B., Brit. J. Exper. Biol., 1, 413-430 (1924). 
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CHARACTERIZATIONS OF CONTINUOUS CURVES THAT ARE 
PERFECTLY CONTINUOUS 


By R. L. WILDER 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MICHIGAN 


Communicated May 27, 1929 


It was shown by R. L. Moore and the author of the present paper! 
that in order that a continuum M should be a continuous curve, it is 
necessary and sufficient that every component of an open subset of M 
should be arcwise connected. In the same connection it was shown by 
the present author that in order that the boundary of a simply connected 
domain in the plane should be a continuous curve, it is necessary and 
sufficient that every connected subset of it be arcwise connected. 

In the present paper we shall consider continuous curves which have 
the property that all of their subcontinua are continuous curves: such 
curves we shall call perfectly continuous, or perfect. As examples of pertect 
continuous curves we may cite the boundaries of domains complementary 
to continuous curves in the plane, and the Menger regular curves.’ 

It has for some time been the opinion of the author that the characteri- 
zation of continuous curves mentioned above could be extended in a 
natural fashion to the characterization of perfect continuous curves, by 
considering not merely the open subsets of the curves, but their com- 
plements (internal) relative to a countable infinity of their closed subsets. 
The present result justifies this opinion in a somewhat striking fashion. 
We make first the following definition: 

Definition —If M is any point set and K is a subset of M which is a 
G;? (relative to M), then the set K will be called a quasi-open subset of M. 

It will be shown below that a perfect continuous curve M is character- 
ized by the fact that every component of a quasi-open subset of M is 
arcwise connected. The similarity between this property and the above 
property of continuous curves in general is evident. 

The property stated in the introductory paragraph of those perfect 
continuous curves that are the boundaries of simply connected domains 
in the planes, viz., that their connected subsets are arcwise connected, 
cannot be extended to the entire class of perfect continuous curves, as 
was established by an example given by Knaster and Kuratowski.4 How- 
ever, that a characterization by means of the connected subsets of these 
curves is still possible is brought out below by the method of proof em- 
ployed in establishing the arcwise connectivity of the components of the 
quasi-open subsets. This consists in first establishing the connectedness 
im kleinen of the connected subsets. 

That connected subsets of the Menger regular curves are connected im 
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kleinen was established by G. T. Whyburn® (incidentally, an example 
recently announced by Whyburn® of a perfect continuous curve in three 
dimensions with a connected subset that is not connected im kleinen 
seems to be proved erroneous by the present results—i.e., in so far as 
this property of the example is concerned). That the connectedness im 
kleinen of its connected subsets is not sufficient in order that a continuum 
should be a regular curve is, however, easily verified by a glance at a simple 
example given by Gehman’ of a perfect continuous curve which is not a 
regular curve. 

As a simple example of a continuous curve which is not perfect, and 
of the manner in which the above-mentioned properties may be violated, 
we may refer briefly to the following well-known point set: Let H denote 
the set of all points on the curve y = sin (1/x) for 0 < x < 1/z, together 
with the points on the y-axis for which —1 S$ y S$ 1. The set H is not 
a continuous curve, but by the addition of a countable set, Q, of straight 
line segments, which have only their endpoints in H, is readily made into 
a.continuous curve M. However, on the deletion of one point from the 
interior of each of the segments of Q, the remainder of the points in M 
form a quasi-open subset of M which has only one component and is not 
arcwise connected. Furthermore, this component also fails to be con- 
nected im kleinen. 

We shall precede the main theorems of this paper by the following 
theorem, which states an important property of all sets which are not 
connected im kleinen. 

THEOREM 1. In a topological space,® in which a neighborhood of a point 
ts also considered as a neighborhood of every point which it contains, let M 
be a point set which fails to be connected im kleinen in at least one point. 
Then there exist a point P of M and a neighborhood U(P) of P having the 
property that every neighborhood V(P) of P that hes in U(P) contains a 
point Q of M that is not in the same quasi-component® with P of the set M-U(P). 

It may be observed, before proceeding to the proof of this theorem, 
that if there are picked out at random a point of P of M at which M is not 
connected im kleinen, and a U(P) such that every neighborhood of P 
that lies within U(P) contains points of M that are not in the same com- 
ponent, with P, of M-U(P), then this theorem is not necessarily true for 
these particular sets. 

We shall now proceed with the proof of the theorem. 

There exists a point A of M such that M is not connected im kleinen 
at A. Then there exists a neighborhood U(A) of A, such that every 
neighborhood V(A) of A in U(A) contains a point of M that does not 
lie, with A, in a connected subset of M-U(A). 

Let H denote the product M-U(A). 

Since, if a set contains only a finite number of quasi-components, its 
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quasi-components are connected, it follows that H contains an infinite 
number of quasi-components. Consider the quasi-component, Q(A), of 
H which contains A. Then Q(A) contains a limit point of H — Q(A); 
for otherwise, Q(A) is connected and a neighborhood V(A) exists in U(A) 
containing only points of Q(A), contrary to the fact that no such neighbor- 
hood can exist. Let P be such a point. As every quasi-component of a 
set is closed in that set, the point P is not a limit point of any set of points 
belonging to a finite number of quasi-components of H. 

Let V(P) be any neighborhood of P such that V(P) is contained in 
U(A). Then V(P) contains a point x of H such that the quasi-component, 
Q(x), of H which contains ~x, is distinct from Q(P). 

THEOREM 2. In a locally compact metric space S, every connected subset 
of a perfect continuous curve is connected im kleinen. 

Suppose M is a connected subset of a perfect continuous curve in S, 
and that M is not connected im kleinen. As M is a subset of a perfect 
continuous curve, the set M’® is itself a perfect continuous curve. 

Applying Theorem 1, there exists a point P of M and a compact neighbor- 
hood R of P, such that if M-R = H, there exist points of H arbitrarily near 
to P which are not in the same quasi-component of H with P. Let R, 
be a spherical neighborhood" of P which is contained, with its boundary, 
in R, and whose radius is denoted by 7. Let Rez be a spherical neighbor- 
hood with center at P and radius r, < 4/27;. Let P,; be a point of M in 
Re which is not in the same quasi-component of H with P, and such that 
P and P;, are the endpoints of an arc a; of M’ which lies wholly in Ro. 

Since P and P, are in different quasi-components of H, there exists a 
separation 

H = H, + He separate, 


where H, contains P and H, contains P,. 
Now the set H,’-H,’ is closed and obviously contains no points of H. 
Let 
H,':H2'-R,’ = a: 


Then no connected subset of M’ — C, that lies in R,’ contains both P 
and P;. For suppose M’ — C, contains a connected subset V that lies 
in R,’ and contains both P and P,; i.e., contains points of both H; and He. 
We have that 
VCM’-R,' CH’, 


and 
H' = Hy’ H,’. 
Consequently, 
VCH,’ + H,’. 
Let 


V.H,' = V; (i = 1, 2). 
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Then 
Vi'-Ve a V;V2! ¢ H,'-H,’. 


But as V is connected, the set V;’-V2 + V,'V2’ is not vacuous. Hence 
V contains a point of H,’-H,’ that lies in R,’; ie., a point of C;. Thus 
the supposition that C, does not separate M’ between P and P, in R,’ 
leads to a contradiction. 


Since ; 

Hy!-H2!-R,' © Hy'-H2’, 

H-H,'-Hh! = 0, i 

and | 
M:R,' G H, 


we have that 
MC, = M-H,'-H,’:R,' = 0. 


Consequently the set C; is a subset of M’ — M. Hence there exists, in 
M’' — C\, aconnected set, M, which contains P and P;, and as C; is closed, 
it follows from the result referred to at the beginning of this paper that 
P and P, are the endpoints of an arc of M’ — C;. Let E, be the first point 
of this arc on the boundary of R,, in the order from P; to P. That FE, iH 
exists follows from the fact that, as just proved, no connected subset of i} 
M’ — C, lying wholly in R,’ contains both P and P;. Denote the portion 
of the above arc from FE; to P, by h. 

Let R; be a spherical neighborhood of P, of radius less than '/3r,, and 
such that no point of C; lies in Re. Let P2 be a point of M in R; which 
is not in the same quasi-component of H with P, and which is joined to 
P by an arc a2 of M’ which lies in R;. There exists a separation of H 
into two mutually separated sets F; and F2 such that F, contains P and 
F, contains Pz. As before, we define a set 


Cy = Fy’-F,’-Ry’, 


having the property that no connected subset of M’ — Cy that lies in 
R,’ contains both P and Ps. Also, C2 is a subset of M’ — M. As before, 
the set M’ — (C, + C2) contains an arc & which has P; and a point FE, 
on the boundry of R,’ as endpoints, and lies, except for E2, wholly in Rj. 
That ¢ does not contain P is obvious. Furthermore, 4; and % have no 
points in common, for if they do have points in common, a2 + 4 + #2 is 
a connected subset of M’ — C, that lies in R,’ and contains both P and 
P, which is of course impossible. 

We proceed to select a spherical neighborhood of P, viz., Ry, of radius 
less than '/,7;, and such that no point of C, + C2 liesinit. We also select 
a point P; of M in R, which is not in the same quasi-component of H 
with P, and which is joined to P by an arc a; of M’ that lies in Ry. The 
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definition of C;, analogous to that of C,, should now be clear, as well as 
the selection of an arc #; in M’ — (C, + C: + C;), having P; and a point 
E; on the boundary of R; as endpoints, etc. The arcs 4, #, and é are then 
mutually exclusive. For if f, and 4, say, have a point in common, the 
set a3 + te + é is a connected subset of M’ — C; that contains both P 
and P; and lies in R,’. 

Proceeding in this way ad infinitum, we obtain an infinite set of mutu- 
ally exclusive arcs {t,} = {E,P,}, andaset of arcs {a,}, where a, joins 
P to P,, and the diameter of a, converges to zero as m increases. The 
remaining properties of these arcs are obvious from the above construction. 

Let us now consider the set of points 


U= Lita t DL Gn 
n=l n= 
It is clear that U is connected, and therefore that U’ is a subcontinuum 
of M’. Accordingly U’ is a continuous curve, since M’ is perfectly con- 
tinuous. We shall show, however, that U’ cannot be a continuous curve. 
Denote the set of points between R, and R; (i.e., the set of points R, 
— R,’) by J, and let x, x2, x3, . . . be a sequence of points such that (1) 
for every n, x, is a point of ¢, in J, and (2) the set of points x, + x2 + 4% 
+ ... has a limit point x in J. Since S is metric and locally compact, 
such points exist, and must lie in U’. Let R, be a spherical neighbor- 
hood of x which lies entirely in J. Now if U’ is a continuous curve, and 
hence connected im kleinen, there is a point x; in R, which is joined to 
x by an arc ¢ of U’ which lies wholly in R,. It can be assumed, without 
loss of generality, that x; is the only point that ¢ has in common with 4;. 
The arc ¢ contains a portion x;y,, from x; to some suitably chosen point 
y1, such that the are x;y, contains no point of C; nor any point of 4 + 
te +...+ 4 -,. Then xy, — x; must be a subset of the set (4;4,: + 
tj42 + ...)’. It follows immediately that x; is a limit point of the set 
(t341 + tize + ...). Let W be a spherical neighborhood of x; which 
lies in J and contains no point of C;. There exists, in W, a point y2 of 
some arc t,, (where m > 7) which is joined to x; by an arc x;y2 of M’ that 
lies wholly in W, and is therefore a subset of M’ — C;. But then ¢; + 
XiV2 + tm + Gm is a connected subset of ’ M— C; that lies wholly in R,’ 
and contains both P; and P. As this is impossible, the supposition that 
U’ is a continuous curve leads to a contradiction. In other words, the 
supposition that M is not connected im kleinen leads to the conclusion 
that M’ is not perfectly continuous—a contradiction of the original 
hypothesis. ‘This completes the proof of the theorem. 
It is hardly necessary to observe that the property stated in Theorem 
2 is sufficient in order that a continuum should be perfectly continuous. 
THEOREM 3. In order that a continuum M lying in a locally compact 
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metric space should be a perfect continuous curve, it is necessary and 
sufficient that every component of a quasi-open subset of M should be arcwise 
connected. 

Proof—The condition stated in the theorem is necessary. For let 
K be an F, in a perfect continuous curve M. Then K is the sum of a 
denumerable infinity of closed sets Fi, Fo, F3,.... Let N be a com- 
ponent of M — K, and a and b any two points of N, We shall show 
that N contains an arc from a to b. 

By virtue of Theorem 2, N is connected im kleinen. For every point 
x of N let a region R(x) be defined as in my paper The non-existence of a 
certain type of regular point set,'* such that R’(x) (i.e., R(x) together with 
its boundary) contains no point of F;. Then by Theorem 1 of the same 
paper, there is a simple chain, C,, of regions R(x) from a to b. The set 
of all points in C,, together with its limit points, forms a continuous curve 
M; (since M is perfect) which contains a and b, but contains no point 
of F;. Furthermore, M; contains a connected subset N, of N, consisting 
of all the points in C,, which contains a and b but no point of the set K. 

Since the product of a closed set with an F, is again an F,, the product 
K-M, is an F,, and we can, without loss of generality, but with a saving 
in typography, assume that K-M; is exactly K — F,. 

Proceeding as before, there exists, in M, a continuous curve Me, which 
contains no point of F; + F2, and has a connected subset, Ne, which is 
also a subset of N, contains a and b, but does not contain any point of 
K. And in general, there exists a continuous curve M,, which is a subset 
of M,-:, contains no point of Fi + ...+ F,, and has a connected sub- 
set N,, which also is a subset of N, contains a and b, but does not con- 
tain any point of K. 

Let the set of points common to all of the sets M;, M2, M3, ..., be 
denoted by G. Then G is a subcontinuum of M — K which contains 
a and b. Since M is perfect, G is a continuous curve, and there is an 
arc ¢ in G which joins a and b. Since N is a component of M — K con- 
taining a and b, and ¢ contains no point of K, it is evident that ¢ is con- 
tained in N. 

The condition is sufficient. For suppose the continuum M contains 
a continuum W which is not a continuous curve. By a theorem due to 
R. L. Moore and the author of the present paper,’® there exist two 
concentric spheres, K, and Ke, (where K; together with its interior is 
compact), and a sequence of subcontinua of W, 


M., Mi, M2, M;,..., 


such that (1) each of these continua contains at least one point of K, 
and Ke, respectively, but no points exterior to K, or interior to Ke, (2) 
no two of these subcontinua have a point in common, and no two of 
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them contain points of any connected subset of W which lies wholly 
in the set K, + Ke. + I (where J is the domain bounded by K, and 
Ke), (3) M. is the sequential limiting set of the sequence M;, M2, 


M3, ..., (4) if K is that component of W:(K, + Kez + J) which contains 
M q, then all of the continua M,, Ms, M3;,.. . . lie in a single component, 
Q, of W — K. 


Let P be a point of M.. that lies in J, and let S, and S, be two spheres 
with centers at P, lying with their interiors in J, and such that S: is of 
smaller radius than S;. Let the domain bounded by S; and S2 be denoted 
by D, and let D’-K = U. Being the product of closed sets, U is a closed 
set. 

Denote that component of (K +- Q) — U which contains Q by R, and 
let the set of all limit points of R in U be denoted by B. We note that 
R, being the difference of two closed sets R + B and B, is a G;, and hence, 
since it is also a G; relative to M, that M — Ris an F,. 

Let A be a point of M;, and suppose R contains a continuum C which ° 
contains both A and P. Then as C cannot lie wholly in K, + Ke + J, 
it follows from a theorem of Miss Mullikin'‘ that C contains a continuum 
C, which contains P and at least one point of K, + Ke, but no point not 
in K, + Ke + J. By definition, C, lies in K. But since R contains no 
points of K in D’, this is absurd. Thus R, although a component of a 
quasi-open subset of M, has no subcontinuum which contains both A 
and P, and consequently the assumption that M is not a perfect con- 
tinuous curve leads to a contradiction of the given condition. 

It will be noted that the above proof also establishes the following 
theorem, which is stronger from the standpoint of sufficiency: 

THEOREM 4. In order that a continuum M in a locally compact metric 
space should be a perfect continuous curve, it is necessary and sufficient that 
every component of a quasi-open subset of M should be strongly connected. 

1 For a proof of the necessity, cf. R. L., Moore, Math. Zs., 15, 1922 (254-260); for 
the sufficiency, Wilder, R. L., Fund. Math., 7, 1925 (340-377). 

2? Menger, K., Math. Ann., 95, 1925 (277-306). 

_ 4A G; is a set of points common to a denumerable infinity of open sets. An F, 
is a set of points which is the sum of a denumerable infinity of closed sets. 

4 Knaster, B., and Kuratowski, C., Bull. Amer. Math. Soc., 33, 1927 (106-109). 

5 Whyburn, G. T., Fund. Math., 12, 1928 (264-294). 

6 Whyburn, G. T., Bull. Amer. Math. Soc., 34, 1928 (551). 

7 Gehman, H. M., Annals of Math., 27, 1925 (29-46). 

8 Cf. Hausdorff, Grundztige der Mengenlehre, Leipzig, 1914, p. 213. 

® For definition of guasi-component, as well as proofs of most of the properties of 
quasi-components which are used in the proof of this theorem, see Hausdorff, loc. cit., 
pp. 248-249. 

10 If H is any point set, H’ will denote the set consisting of H together with all of its 
limit points. 

11T. e., the set of all points of S which are less than a given distance (radius) froma 
given point of S. 
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12 Wilder, R. L., Bull. Amer. Math. Soc., 33, 1927 (439-446). 

13 Cf. Wilder, R. L., Fund. Math., loc. cit. The extension to unbounded continua 
has been announced by Whyburn, G. T., Bull. Amer. Math. Soc., 34, 1928 (409). The 
theorem holds for any continum in a locally compact metric space. 

14 Mullikin, A. M., Trans. Amer. Math. Soc., 24, 1922 (144-162). Although Miss 
Mullikin’s hypothesis would seem to require that C be bounded, this condition is not 
necessary in our case, where P lies in a compact domain complementary to K, + Ko. 

15 A set M is strongly connected if every two points of M lie in a subcontinuum of M. 

















